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NOTATION 
The following notation is used in this thesis : 
= area of entire concrete section 
Ag = area of prestressed steel 
t 
Ag = area of unprestressed reinforcement 
b = width of compression face of flexural member 
d = distance from extreme compression fiber to centroid of the pre-
stressing force 
e = eccentricity of the center of gravity of the prestressed steel 
with respect to the center of gravity of the entire concrete 
section 
Eg = modulus of elasticity of the concrete 
Eg = modulus of elasticity of the steel 
fg = concrete stress, in general 
I 
fg = maximum concrete cylinder strength 
fg = concrete bottom fiber stress, in general 
fp = concrete bottom fiber stress due to the effective prestress force 
only 
f^  = concrete bottom fiber stress due to effective prestress force and 
total bending moment, Mj 
fg = S = steel stress, in general 
fg = Sy = static ultimate strength of steel 
fo = S = maximum stress level of a repeated load cycle 
®max 
fg = ®min ~ niinimum stress level of a repeated load cycle 
fgg = effective steel prestress, after losses 
fgjg^  = initial steel prestress, before losses 
fgo = steel stress at crack-reopening load 
®max " ^ min stress range in a repeated load cycle 
steel stress at static ultimate load 
fggAg = effective prestress force, after losses 
fgj^ Ag = initial prestress force, before losses 
loss of effective prestress force 
total depth of section 
impact factor 
moment of inertia of the concrete section about its center of 
gravity 
load factor for dead load 
group size 
length of beam span 
external bending moment, in general 
bending moment due to dead load 
bending moment due to live load 
maximum bending moment in a repeated load cycle 
minimum bending moment in a repeated load cycle 
bending moment causing zero bottom fiber stress in the concrete 
total bending moment, including dead load, due to design load 
static ultimate bending moment 
E 
; also the number of cycles of loading; 
c also the number of observations 
fatigue life, in general 
preassigned cycle life 
observed fatigue life 
modified predicted fatigue life 
vi 
Npred = predicted fatigue life 
p = ^  = ratio of prestressing steel, commonly called percent steel 
bd 
P = probability; also live load with various subscripts as for moment 
q = pfsu 
K 
s = sample standard deviation 
S « f 
s 
= endurance limit or fatigue limit 
W = fsmax 
m^in " fsmin 
~ ^ max " ^ min 
Su = K 
S.F. = safety factor 
t = time, in general 
V = velocity 
Wg = dead (girder) load per unit length 
yjj = distance of bottom fiber from center of gravity of section 
z = standard normal deviate 
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I. INTRODUCTION 
Prestressed concrete has been rapidly gaining acceptance as an 
economically-competitive and popular new construction material. About 80% 
of all concrete bridges being built in Germany are of prestressed concrete. 
In the United States, 2052 prestressed concrete bridges were authorized 
for construction during the years 1957-1960 (1). U. S. contractors used 
an estimated 1,000,000 cubic yards of prestressed concrete in bridges 
alone in 1962 (2). As manufacturing techniques and construction experi­
ence in prestressed concrete become more widespread and familiar, its 
economics will continue to inçrove and its growth will soar still higher. 
A. Fatigue in Prestressed Concrete 
There has never been a report of a fatigue failure in any of the 
thousands of prestressed concrete bridges in service. Despite this fact, 
fatigue in prestressed concrete has continued to be of interest as 
evidenced by the numerous investigations and research projects launched by 
various institutions and organizations. Some of the reasons for this 
continuing interest are: 
1. Early users of prestressed concrete suspected that material to possess 
poor fatigue properties because of high stresses in the steel. This 
suspicion was proved unfounded. 
2. Increasing magnitude and number of overloads in highway and railway 
traffic could one day cause presently adequate bridges to become 
susceptible to fatigue failure. Most of these structures were 
designed and built under codes that contained little if any guidance 
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on fatigue. 
3. The phenomenon of fatigue is conq>lex, involves many variables and is 
statistical in nature. As such, it was and continues to be a 
challenge to investigators in our universities and research centers. 
Our knowledge of the subject is still far from complete. 
4. Fatigue failure is a brittle fracture type of failure, sudden and 
insidious by nature. It occurs at loads that are usually considered 
safe under working conditions, and no warning is given of iiiq>ending 
failure. 
Early tests on fatigue of prestressed concrete were often designed 
to answer a specific question about a specific structure, and the results 
were of a limited nature. Often the reports were poorly documented. The 
statistical nature of fatigue was ignored in these tests, which made it 
difficult to analyze and explain some apparently conflicting results. 
Gradually, however, certain facts appeared to stand out, and now these 
facts can be marshaled together to provide some insight into the problem. 
The development of this insight can best be accomplished by a review of 
the work in this area to date. 
B. Review of Literature 
Freyssinet was first to report fatigue tests on prestressed concrete 
(3). In 1934 he applied a repeated transverse load of 1000 lbs. to two 
hollow telegraph poles, one made of reinforced concrete, the other of 
prestressed concrete. The former cracked after a few thousand cycles, 
whereas the prestressed concrete pole showed no ill effect after 500,000 
3 
cycles. 
In 1946 Abeles (4) tested prestressed concrete railroad sleepers, 
both new ones and ones that had been subjected to about 4,000,000 repeti­
tions of load. Static loading indicated that the strength of the fatigued 
beams was unimpaired. The sleepers were loaded statically to 70% ultimate 
with remarkable recovery upon unloading. When loaded to ultimate, failure 
took place in an underreinforced manner (yielding of the steel followed by 
crushing of the concrete). A significant conclusion of this report was 
that slight cracking under repeated loading was not detrimental as long 
as a safety factor of 2.0 was present against static failure. It was 
also noted that bond had not been affected in any way. See Figure 1. 
Diversity of results prohibited any significant conclusions by Caiiq>us 
(3) when he tested some prestressed concrete railroad sleepers in 1948. 
Several notable developments were discussed by Abeles, however, resulting 
from fatigue tests conducted in collaboration with Caucus in 1951 (5). 
Three slabs were made, each from two inverted T-beams 20 ft. long and 
partially prestressed. Fatigue tests were conducted before and after 
cracking loads had been applied statically. After these tests, the slabs 
were statically loaded to failure and conq>ared to companion slabs statical­
ly loaded to failure. His conclusions were: 
1. Repeated loading in the working load range had little or no effect on 
the initiation of cracks or on static ultimate strength. 
2. After cracking, repeated loads in the working load range caused no 
set and negligible effect on static ultimate strength. Also the 
cracks closed upon removal of the load. 
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3. Cracking is undesirable because steel fatigue seems linked to it, but, 
if no fatigue fractures occur, ultimate strength is not affected. 
Knudsen and Eney tested a full-scale pretensioned beam at Lehigh 
University in 1953 (6). The 38 ft. beam was cracked statically and then 
subjected to 1,300,000 applications of an equivalent H20-S16 truck loading 
and 100,000 repetitions of a 54% overload. Negligible damage was experi­
enced and it was concluded that the beam would have given a satisfactory 
service life. See Figure 1 and Chapter V. 
About this time, it was realized that fatigue characteristics of pre-
stressed concrete beams were generally satisfactory if no cracking occurred 
in the concrete. This led to the rather severe restriction of no cracking 
under load in some design specifications and codes (7, 8,-9). Much more 
knowledge about the behavior of prèstressed concrete under repeated 
loading was necessary if this economically unpopular restriction were to 
be lifted. 
Lin reported fatigue tests on two 50 ft. continuous post-tensioned 
concrete beams in 1955 (10). First 500,000 cycles of loading were applied 
in the working load range, with increasing loads applied in increments of 
a 20% increase every succeeding 500,000 cycles. Static tests were inter-
dispersed throughout the testing program and applied to failure after 
5,000,000 cycles. When compared to sister beams statically loaded, the 
fatigued beams appeared to have better resistance to cracking, but less 
resistance with respect to rupture. 
Ozell and Ardaman conducted fatigue tests on seven prestressed 
concrete beams in 1956 (11). These 20 ft. beams were variously loaded 
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resulting in fatigue lives from 126,000 cycles to no failure. The first 
30,000 cycles of load appeared to slightly affect the usual relationship 
between load and deflection, with no further effect noticed until just 
prior to failure. Bond was never critical in these tests, since all 
failures were due to fracture of the strands. The 7/16 in. 7-wire strand 
used was deemed feasible. The fatigue strength of the beams was 1.8 times 
the design load. See also Chapter V and the Appendix. 
The year 1957 saw several significant contributions to the pool of 
knowledge about fatigue in prestressed concrete. The first analytical 
study of the fatigue strength of prestressed concrete beams was published 
by Ekberg, Walther and Slutter (12). A method for predicting the fatigue 
strength for bonded beams was presented utilizing fatigue failure 
envelopes for the concrete and steel reinforcement and stress-moment 
diagrams for the steel and the top and bottom fibers of the concrete. See 
Figure 2. Using this combined diagram, the ultimate load in flexural 
fatigue could be determined, whether governed by the steel or the concrete. 
For example, suppose a prestressed concrete beam had a load and 
stress history as shown in Figure 2b for the steel tendons, concrete 
bottom and top fibers. The minimum load of 0.20 (point A) causes a 
steel stress of 0.60 fg (point B) and concrete top fiber stress of 0.10 f^  
(point G). The failure envelopes (Figures 2a and 2c) indicate the ranges 
of stress permitted in the material based on failure at one million cycles. 
Projecting point B over to the failure envelope for steel determines the 
critical stress range, CD. Projection of point D intersects the moment-
stress diagram for steel at point £, and the abscissa of this point is the 
1.0 1.0 
STEEL 
0.6  - -1  
10 
--0.6 
CO 
• O .U oM ^ r-i 1.0 MILLION 
CYCLES 
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-l.O 
0.2 0.1» 0.6 0.8 1,0 0.8 0.6 O.U 0.2 0 0 
b. Moment-stress diagrams c. Failure envelope for concrete 
Fig, 2. Combined diagram solution for predicting fatigue strength of prestressed concrete beams 
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ultimate load in flexural fatigue (point F) as governed by the steel. 
Similarly, lines G-H-I-J-K indicate the maximum load as governed by the 
concrete. Steel governs in this case, and the fatigue strength of this 
beam is 0.56 M^ . 
It was also demonstrated that the steel fatigue strength would be the 
governing factor for beams of an underreinforced nature. The optimum 
fatigue strength for the beam would be at a percentage of steel normally 
greater than that for static balanced design. Also it was shown that 
reducing the level of prestress reduces the fatigue strength. See also 
Chapter IV for more details on this approach. 
That year also saw tests on six prestressed beams by Eastwood and Rao 
(13) and on twenty-seven beams of conventional and lightweight prestressed 
concrete by Nordby and Venuti (14). The former tests reaffirmed earlier 
results as to the strengthening effect of repeated loading under the 
fatigue limit. The latter tests involved various load ranges for various 
cycling times on matched beams made from both types of concrete. The 
excellent mechanical bond of 7-wire strand was graphically Illustrated. 
Lightweight aggregates were deemed feasible. In all but two cases, 
fatigue failures were due to steel fractures, which were attributed to the 
concrete rubbing against the steel at cracks and to stress concentrations 
at cracks. It was concluded that cracks should not be allowed in beams 
subject to repeated overloads. Slip of strand appeared linked to severity 
of cracking, and it was recommended that a proper embedment length be 
considered from the end of the beam to possible crack positions. It 
should be noted that these beams were of a shallow design and therefore 
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sensitive to cracking. See Figure 1. For more details, see Chapter V. 
In 1958 Ozell and Diniz tested six pretensioned beams in fatigue to 
determine the feasibility of using 1/2 in. strand (15). The beams were 
similar to those of Ozell and Ardaman (11) in 1956. All fatigue failures 
were by fracture of the tendon, except for one bond fatigue failure. 
Some regional bond failures and some slip close to the cracks were 
observed. These beams appeared to have a greater fatigue strength than 
those in the 1956 tests with 7/16 in. strands. The use of 1/2 in. strand 
was concluded to be entirely feasible. See Chapter V for additional 
details. 
Nordby published a review at this time, summarizing the results of 
these tests (3). He pointed out that in none of these tests did concrete 
fail in fatigue. The cause of all reported failures was fatigue failure 
in the steel strands or wires. Bond failures were rare and were associated 
with short beams or short shear spans. He stressed the necessity for 
obtaining further information on the fatigue characteristics of the high 
strength strands and wires to facilitate analysis of prestressed beams in 
fatigue situations. From this point on, it will be seen that the research 
in these areas is less exploratory and more oriented towards understanding 
the fundamental nature of fatigue. The statistical nature of fatigue is 
taken into account, and testing programs appropriately organized. 
In 1959, Ekberg and Lane tested 7/16 in. 7-wire 250 ksi strand in 
pulsating tension at various stress levels to initiate research on strand 
fatigue properties (16). Three S-N curves were reported for minimum 
stress levels of 54.5%, 65.2% and 55.6% of static ultimate strength. Since 
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only about seven specimens were used on the average to construct each 
curve, their reliability as to exactness is properly questioned. They are 
good general indications of strand fatigue properties, however, and 
undoubtedly helped future investigators plan their testing programs. 
Also in 1959, Ekberg and Slutter reported fatigue tests on three 19 
ft. prestressed concrete beams (17). Two 1/2 in. 7-wire strands were also 
tested in fatigue. The beams were fatigued 1,000,000 cycles at design 
load, again at cracking load and at about 1.5 times design load until 
failure. All three beams failed by strand fatigue. No evidence of slip 
or bond breakdown was experienced. These beams were analyzed with the 
combined diagram solution mentioned earlier (1957), and predicted 
strengths were in reasonably good agreement with observed strengths. 
Tests were made on two 15 year old, 54 ft. long pretensioned beams by 
Base and Lewis to determine the loss in prestress that had occurred over 
15 years (18). Their 1959 report concludes that the total loss of pre­
stress was about 17% of the initial prestress. Values of 18 to 20% loss 
are often assumed by engineers as an approximation and this test 
corroborated the correctness of this assumption. 
Also in 1959, flexural bond tests of pretensioned beams were conducted 
by Hanson and Karr (19). Seven-wire strand of 1/4, 3/8 and 1/2 in. 
diameter was used in this study of bond action and strength. Curves were 
developed relating steel stress at which general bond slip will occur to 
embedment length. Ths additional strength developed by the mechanical 
bond resistance of the strand was noted. 
More strand fatigue tests followed in 1961 as part of the $27,000,000 
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Â.Â.S.H.O. Road Test 80 miles southwest of Chicago (20). Fatigue tests 
on 18 strands of 3/8 in. diameter and 270 ksi tensile strength were con­
ducted at minimum stress levels of 50% and 60% ultimate. Again only a 
limited number, 9, of samples for each S-N curve makes for poor 
reliability, since the inherent statistical nature of fatigue is neglected. 
In 1962 the A.A.S.H.O. Road Tests on four prestressed concrete 
bridges (100 ft. span) were reported (21). Two bridges had post-tensioned 
beams, two had pretensioned beams, all 50 ft. long. Tensile stresses were 
allowed in concrete bottom fibers, about 300 psi in two cases and 800 psi 
in the other two. Concrete beam compressive strength was about 9000 psi. 
About 1,500,000 cycles of 50% overload were applied. Then single and 
tandem axle test vehicles were driven over the bridges with increasing 
loads, causing failures in the post-tensioned bridges after 95 runs 
(f^  ~ P®i) and 281 runs (f^  = 300 psi). In the pretensioned bridges, 
198 runs caused failure with 800 psi tension allowed, and 355 runs for the 
bridge with 300 psi tension allowed in the beam bottom fibers. Several 
pertinent conclusions were made: 
1. Cracked pretensioned bridges were superior to cracked post-tensioned 
bridges. 
2. Fatigue of the concrete in tension had no detrimental effects for 
stresses lower than the modulus of rupture. 
3. Failure was by fracture of the prestressing steel. Bond was not a 
problem. 
4. Consideration should be given to allowing tensile stresses in 
prestressed concrete beams pretensioned with strand. 
In 1962, the first statistically oriented strand fatigue tests were 
conducted by Warner and Hulsbos (22). The strand tested was 250 ksi 7/16 
in. 7-wire strand. Two S-N curves were reported from tests on a total of 
74 specimens at minimum stress levels of 40% and 60% static ultimate. See 
Figure 3. One test (from 60 to 80% ultimate) was repeated 20 times in an 
attempt to identify the distribution of fatigue lives about the mean. 
Inasmuch as every significant point represents six test replications, 
these two S-N curves can be used with confidence. There is however a 
tendency to neglect the long-life (almost flat) portion of the curve, 
wherein lie the practical stress ranges and the longer fatigue lives. The 
experimental data obtained on strand were combined with a theoretical 
treatment of stresses in a beam under fatigue loading to predict the 
fatigue life of prestressed beams. Comparison of results showed satis­
factory correlation, althou^  the predictions had a definite tendency to 
overestimate fatigue life. 
In 1963, Venuti reported a statistically-designed study on the 
fatigue characteristics of 90 prestressed concrete beams (23). The beams 
were again of a shallow design (similar to those in 1957) and were 6 ft. 
long. The beam fatigue tests were conducted on 5 groups of 18 beams each. 
Minimum load was 10% of static ultimate, with maximum loads at 50, 60, 70, 
80 and 90% ultimate. A linear relationship was established between 
fatigue life and range of load. The necessity of interpreting fatigue 
parameters in a statistical manner was stressed. At the 50% maximum load 
level, the majority of beams survived 5,000,000 cycles. Failures were 
mostly in strand fatigue. At the 60 and 70% load levels, the majority of 
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Fig. 3 • S-N curves from statistically-designed strand fatigue tests of Reference 22 
failures were in strand fatigue with the remainder in concrete fatigue in 
compression. The high load levels were hard to analyze as many beams 
failed in the first half cycle of load. It was concluded: that the 
fatigue life distribution is approximately a log-normal distribution; 
that the variability of fatigue life increases with increased load level; 
and that flexural tensile cracks will progress towards the top of the beam 
with increased cycles, except at low levels of load where progression may 
stop. See also Chapter V. 
The American Association of Railroads reported 19 beam fatigue tests 
in 1963, conducted to study the effect of size of strand and level of 
prestress on beam fatigue strength (24). The beams were 15 in. x 18 in. x 
19 ft. long, and loaded in increments of the design load. No strand slip 
was noted, and all failures occurred in an underreinforced manner. Beams 
with an initial prestress of 0.7 fg carried 1.5 design loads (with 7/16 in. 
strands) and 1.8 design loads (3/8 and 1/2 in. strands). Beams with an 
initial prestress of 0.5 fg carried 1.3 design loads. All fatigue 
strengths were based on endurance of 2,000,000 cycles of load. The 
combined diagram solution mentioned earlier (12) was used to predict the 
fatigue strengths of these beams and was found to give conservative 
results. See also Chapter V. 
Static and fatigue tests were conducted on 30 prestressed concrete 
and 12 reinforced concrete beams by Bate in 1963 (25). The prestressed 
beams were 12 ft. long and had different proportions of steel in their 
grouted post-tensioned cables of cold-drawn wires. It was noted that 
within the normal working range, repetitive loading did not cause cracking 
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of the prestressed concrete beams and only slightly increased total 
deflection. 
Several conclusions appeared consistently throughout the last 30 
years of research. These conclusions are therefore significant and 
approach being facts upon which the fundamental nature of prestressed 
concrete in flexural fatigue can be based. These conclusions are: 
1. Flexural fatigue failure in underreinforced beams is due to fracture 
of the prestressing steel. Thus the fatigue characteristics of an 
underreinforced beam are largely dependent upon those of the 
prestressing steel. 
2. Bond fatigue is not a factor in properly-designed flexural members, 
unless unusual conditions (short spans, high shears, etc.) exist. 
3. Repeated loading at or under the design load has no detrimental 
effects on crack initiation, fatigue strength or static ultimate 
strength of the beam. (Design load is that load causing zero tensile 
stress in the bottom fibers of the beam.) This is because the beam 
is being fatigued below its fatigue limit which effect, if any, is 
beneficial. 
4. Slight cracking under repeated load and tensile stresses in the 
concrete lower than the modulus of rupture are not detrimental to the 
fatigue strength of beams pretensioned with strand. 
5. All other factors being equal, reducing the level of prestress reduces 
the fatigue strength of the beam. 
6. Since fatigue is statistical in nature, fatigue parameters are rela­
tively meaningless unless they are expressed and interpreted 
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statistically. For example, in all of the above conclusions, there 
exists a finite probability for exceptions or contradictions to occur. 
Occasional deviations should not be a cause for confusion or alarm. 
C. Objectives 
Since the inqportance of determining the fatigue characteristics of 
prestressing steel has often been stressed (3, 17, 22, 26) because it is 
the key to predicting the fatigue characteristics of beams, the objective 
of the experimental portion of this thesis is to determine the probable 
fatigue characteristics of strand at stress levels normally encountered in 
service. Strand was chosen because of its popular use in prestressing 
operations, despite the meager data on its fatigue properties. 
Specifically the properties to be evaluated are: the median fatigue 
strength (50% probability) of 7/16 in. 7-wire ÂSTM grade strand at a 
minimum stress level of 50% static ultimate for a 2,000,000 cycle life; 
the same characteristic for a 90% probability; the standard deviation, s, 
of fatigue strengths about the median; and the fatigue lives at various 
stress levels (S-N curve) for a 50% minimum level, in the working stress, 
long-life region. 
The ultimate objective of this research is to provide the engineer 
with a straightforward, practical method with which to design or analyze a 
prestressed concrete beam subjected to repeated loading. An associated 
probability of survival would be included, but hopefully without getting 
too involved in statistical terminology. The results of an earlier 
investigation of the combined diagram solution will be used as a basis for 
17 
the design method (see Reference 27). A cumulative damage concept, to 
account for loads of varying intensity, will have to be incorporated into 
the combined diagram solution along with the statistical aspect. 
Since the present solution is admittedly conservative, another 
objective is to estimate the built-in safety factor inherent to this 
solution. In order to make the solution a practical tool for design, an 
appropriate load factor will have to be determined for repeated loading. 
More questions will have to be answered. How reliable is this 
combined diagram solution? How accurate? How do we simplify the complex 
random load-time relationships on a bridge-beam in order to apply the 
sinusoidal-based combined diagram and still approximate field conditions? 
Finally, what are the mechanics of applying the developed solution to a 
design or analysis problem? 
D. Approach 
The probit method was chosen as the statistical approach to the 
experimental portion of the thesis. The probit test, although sometimes 
difficult to administer, gives more useful fatigue data than any other 
response test. Five groups of bonded strand specimens, with 7 to 12 
specimens in a group, were tested in pulsating tension. A total of 56 
strands were fatigued at five different stress levels, with a 50% fg 
minimum load, and maximums of from 62.6% to 69.0% fg. The preassigned 
cycle life was 2,000,000 cycles, used as an estimation of the infinite 
life region of the S-N curve (fatigue limit). An analysis of the probit 
test data to determine the fatigue properties mentioned as objectives 
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will conclude the experimental portion of this thesis. 
The results of the probit test will be incorporated into the combined 
diagram solution. A cumulative damage concept will also be adapted, and a 
procedure for analysis outlined in detail. This analysis procedure will 
then be applied to 107 beams tested in fatigue, the results of which have 
been published by various investigators. Predicted versus observed 
fatigue lives will be compared to determine quantitatively the reliability, 
accuracy and inherent safety factor of this solution. 
Â load factor for repeated loading will be suggested, based on a 
traffic study on overloads, volume trends and other hi^ way and railway 
traffic factors. Bridge response to live loads and the effect of random 
high overloads will also be considered. Finally a design procedure for 
statically underreinforced beams will be outlined in detail. 
19 
II. DESIGN OF THE EXPERIMENT 
The testing program was statistically designed so as to provide the 
most meaningful data on the fatigue characteristics of strand. Recogniz­
ing the statistical nature of fatigue, each test in the probit analysis 
was replicated at least seven times. Since the probit analysis has not 
been used before in an investigation on strand, a general description of 
the probit approach and the principles involved will first be presented. 
This will be followed by a description of the testing program, specimen 
preparation and testing equipment. Test results and their analysis will 
follow in Chapter III. 
A. The Probit Analysis 
In the probit approach, groups of specimens are tested to failure or 
to a fixed number of cycles at different stress levels distributed about 
the region of interest. The size of the groups may be weighted so as to 
keep the variance (Equation 4) of each group response approximately the 
same. This simplifies the analysis of the test data. An alternative is 
to use groups of equal or unequal size, but to weight the resulting data 
according to relative group size and the value of the statistic being 
observed. Then these weighted data are used in the regression analysis. 
The principle involved here can readily be explained and understood by a 
brief review of appropriate statistical theory. The reader is referred to 
References 28, 29, 30, 31 and 32 for a more detailed development and 
description of this and other approaches. 
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1. The normal distribution 
Recall the normal or Gaussian frequency distribution of a continuous 
variable X. The equation of this distribution is: 
1 r ... 2. 
p(X) = exp Eq. 1 
ajlF 
where p(X) is the normal frequency distribution of a random variable, X, 
and a and n are respectively the standard deviation and the mean of the 
population of all X's. For a very large number of observations, n: 
n 
Z X, 
n 
s = 
-.2 r n 
Z (Xi-X) 
i=l 
n-1 
Eq. 2 
Eq. 3 
where X and s are point estimates of |i and a respectively. The larger n 
— 2 is, the better estimations X and s are. Variance is simply cr , or for an 
estimate of O" : 
n _ 2 
S (Xi-X) 
Eq. 4 
The standard normal deviate, z, is frequently used where z is: 
= ^ Ui Eq. 5 
Using Equation 5, the equation of the normal curve is: 
1 e"^  
P(z) = 7=. 
jâr 
Eq. 6 
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a graphical representation of which is indicated in Figure 4. This 
distribution is called the standardized normal frequency distribution. 
If we wish to know the cumulative frequency of X (the fraction of the 
total population of X's that would be less than or equal to X), we can 
integrate Equation 1 from -m to X and obtain: 
This cumulative normal distribution is shown as Figure 5. P(z) or P(X) is 
commonly called the probability of z or X and is usually expressed as a 
percentage. 
There are several transformations that can be used with the normal 
transformations. Replacing X with log X in Equation 1 results in what is 
often called the log-normal distribution. 
Fatigue testing is usually expensive and time-consuming. Therefore 
the sample size, n, is often not a very large number. In this case X and 
s of Equations 2 and 3 may not be very representative of the total popu­
lation. Sanq>Ie statistics X and s are themselves distributed about the 
population parameters n and c. Using the central limit theorem, we are 
95% sure that, for n > 30 (Reference 29, p. 430): 
Eq. 7 
distribution. In some cases, X may be replaced with X^  or log X or other 
Eq. 8 
a » s + 
1.96 s 
Eq. 9 
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where the plus or minus terms are the limits of the confidence interval. 
A curve fitted to observed percent survival points for several stress 
levels is called a response curve (all other variables held constant). 
Statistically speaking, a response curve is the curve fitted to observed 
P(X) versus X. If a normal distribution is postulated, and if P(X) is 
transformed to z as shown in Figure 5, then a plot of z, versus X will result 
in a straight line. If, in a physical situation, observed values of z, 
versus X also plot approximately as a straight line, this is an indication 
of a normal distribution. Normally this line is fitted to the plotted 
points by the method of least squares. Since the statistical variance of 
these points may not be equal, either the observations (point ordinates) 
must be weighted, or the size of the group for each point must^ e adjusted. 
Either method will insure the best fit of the response curve. 
2. Weighted regression analysis 
Suppose a group of k specimens is tested in fatigue at a stress S^  
from some constant minimum stress. A certain percentage P(Sj^ ) survive, 
say P(Sl) = 50%. A second group of specimens is now tested at a stress 
Sg such that expected P(S2) = 90%. The variances will be different unless 
group sizes kgg and kgg are adjusted. Since in fatigue, a specimen either 
survives a certain number of cycles, N^ , or it does not, the distribution 
of discrete fractions, x/k, that do survive an arbitrary is therefore 
binomial (x is the number that survives, hence 0<x ^  k.) The variance 
of x/k for a binomial distribution is: 
Var. (x/k) = Eq. 10 
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where P is the expected percent survival. 
It can be shown (Reference 30, pp. 105-109) that the variance of the 
expected response is: 
Var. (yi) = [—Var. (x/k^) Eq. 11 
Pi(z; 
where Pi(z) is the theoretical relative frequency (Figure 4 or Equation 6). 
If yj^  = 50% and y2, - 90%, and equal variance is desired, then from 
Equation 11: 
var. (:c/k5o) = Var. (x/kgq) Eq. U 
Using Equations 12, 10 and 6: 
(do) " 
 ^= 1.96 2 Eq. 14 
5^0 
Thus the group size at P^ Sg) = 90% must be about twice the size of the 
group at P(S]^ ) = 50%. Note that is the same size as kgg due to the 
symmetry of both distributions. Other relative group sizes can be 
calculated. These are shown in Table 1 (similar to Table 1 in Reference 
28). 
In the probit test, k^  ^  5 and the total number of specimens, n > 
50, for good statistical inference. 
Incidentally, the term "probit" means "probability unit" and is 
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Table 1. Relative group sizes for fatigue test specimens 
Stress Expected percent Relative group Group sizes for 
level survival size 
Si P(Si) ki 
(ksi) (%) 
Si 95 3 21 
S2 90 2 14 
S3 80-85 1.5 10 
S4 25-75 1 7 
S5 15-20 1.5 10 
Se 10 2 14 
s? 5 3 21 
simply a convenient transformation of z so as to avoid negative values 
of z. 
probit = z + 5 - Eq. 15 
Using probits can facilitate calculations for a least squares fit, 
however the data in this particular program is not so voluminous as to 
warrant using the probit transformation. The approach used in this thesis 
nevertheless follows the probit approach as simplified by the ASTM guide 
(28). 
B. The Testing Program 
In setting up the testing program, the theory of the previous section 
was adhered to as closely as possible. Specimens of 7/16 in. diameter 
uncoated Roebling 7-wire ASTM grade strand were to be tested in pulsating 
tension at five different levels of stress range. The arbitrary cycle 
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life, N^ , mentioned earlier was set at 2,000,000 cycles, as an approxima­
tion to infinite life. Some groups were allowed to run out to 4,000,000 
cycles to get an indication of the roughness of the above approximation. 
The probit analysis was conducted based on = 2,000,000 cycles, and a 
constant minimum stress level for all specimens of 
Sj^ in = 50% Su = 128.5 ksi. 
Since there were no data other than Figure 2 upon which to estimate 
the stress range for the first group of specimens, the firsfmaximum 
stress level of 170.0 ksi was selected hopefully to hit the median fatigue 
strength (or slightly higher) as a starting point. 
The number of specimens in each of the five groups and the stress 
levels at which each was run was estimated according to the results of 
the previous group, keeping Table 1 and the probit theory in mind. The 
testing program as it finally emerged is shown in Table 2. 
Table 2. Testing program for strand fatigue tests 
Tensile Maximum Tensile Group Expected 
load stress level stress range size percent survival 
range m^ax ®max " ®min ki PCS) 
(kips) (ksi) (ksi) (%) 
14 - 17.6 161.7 33.2 12 85-95 
14 - 17.9 164.5 36.0 9 70-80 
14 - 18.5 170.0 41.5 7 40-60 
14 - 19.1 175.5 47.0 9 20-30 
14 - 19.4 178.3 49.8 12 5-15 
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The strand was obtained in two lots or reels from John A. Roebling's 
Sons division of Colorado Fuel and Iron Corporation. Minimum guaranteed 
static ultimate strength, S^ , was 249 ksi. Fourteen specimens were tested 
statically to failure, with an average static ultimate strength of 
Sy = 257 ksi. 
Both the static and fatigue tests were performed on strand specimens 
selected at random using a table of random numbers. The sequence of 
testing of each group level was from the center out (i.e. S q^ first, then 
Sgo» Gtc.). 
The number of cycles to failure, N, was recorded for all samples 
including those that did not reach 2,000,000 cycles for the purposes of 
plotting S-N curves. 
C. Preparation of Specimens 
The specimens were made in lots of three from randomly selected 30 
ft. lengths of strand. Each length of strand was checked for nicks, welds 
and damage before being placed in the prestressing bed. The steel and 
wooden parts of three gripping devices (Figure 6) were assembled end-for-
end around the strand in the bed, and the spacer blocks were inserted. 
The strand was tensioned with a jack to about 75% fg, at which time the 
strandvises were seated against the metal bearing plates at each end of 
the specimens. Then the strand tension was reduced to about 70% fg to 
firmly seat the strandvises to the strand. 
A very stiff grout was then worked into the gripping device and 
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FIG. 6. Gripping devices used in the fatigue tests on strand 
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allowed to cure for a minimum of 72 hours before release of prestress (see 
Figure 7). The grout mixture was 1:1,25:0.40 (cementzdry sand:water) by 
weight. Type III high early Portland cement was used. The water cement 
ratio of the paste was about 4.51 gallons per sack. Estimated minimum 
grout strength at the time of jack release was about 6,000 psi. 
Bond fatigue was avoided by using a long transfer length, almost 60 
times the diameter, and by applying a normal stress through tightening of 
the transverse bolts after curing. The strandvises were used as an added 
means of securing the strand in case of an unexpected bond breakdown. 
The gripping devices were designed to provide an essentially stress-
concentration-free grip, with maximum range of stress (and therefore 
expected fatigue failure) in the exposed center section. It was felt that 
the gripping device simulated the bonding action between the strand and 
the tensile zone of a beam at a crack. The strand is exposed and has zero 
bond at the crack (simulated by the exposed strand in the specimen with 
the spacer block removed), and regional bond failure occurs on both sides 
of this exposure in both cases. In this arrangement the fundamental 
characteristics of bonded strand in fatigue could be determined at stress 
levels similar to those encountered in practice. 
D. Testing Equipment 
The specimens were boxed and shipped to Rex Chainbelt, Inc. of 
Milwaukee, Wisconsin for testing in their Research Center. An Âmsler 50-
ton hydraulic jack was mounted so as to actuate a flexure plate pivoted 
beam. The specimen was mounted between a spherically-seated grip on the 
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FKf. 7, View of three specimens lying in the prestressing bed 
base of the frame of the machine and a cross-pinned grip on the flex beam, 
with a calibrated strain gage load cell in series with the specimen. 
Loading was nearly 100% axial, as evidenced by barely perceptible lateral 
movement of the samples under test. See Figure 8. 
The range of the sinusoidal load was set on the Amsler pulsator to 
the nearest 0.1 kip. The actual range of load carried by the strand was 
measured with the calibrated load cell, strain gage bridge amplifier, and 
cathode ray oscilloscope; load could be measured to within 70 lbs. The 
minimum load is kept constant by means of a spring-regulated minimum 
pressure pump on the pulsator. The range of load is governed by the 
stroke on the main pressure pump, which establishes the volume of oil 
pumped to the jack. Therefore, as long as the characteristics of the 
hydraulic fluid and the elastic modulus of the specimen and fixtures 
remain constant, the range of load sustained by the specimen remains 
constant. The pump was driven at 600 cycles per minute. Accrued cycles 
are recorded on a mechanical counter driven by a 100:1 reduction belt 
drive directly off of the punq> drive shaft. 
During the testing program, load drift (due to changes in fluid 
viscosity) normally ran about 0.4%. A load drift of 2.3% occurred on one 
specimen due to a heating plant shutdown over a weekend; the results of 
that test were not used in the analysis. Generally though, the equipment 
and the specimens were very stable and the testing proceeded smoothly. 
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FIG. 8, Schematic drawing of a fatigue test in progress 
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III. EXPERIMENTAL INVESTIGATION 
Since the testing had to be done at the Rex Chainbelt Research 
Center in Milwaukee, Wisconsin, some complications entered into the 
control of the experiment. Age of grout at testing time, temperature, and 
humidity, could not be kept constant over the entire testing program. The 
personnel at the Research Center were very professional and accommodating 
in their execution of the testing program. In general the project 
proceeded smoothly and was successfully completed in a manner which shall 
be the content of this chapter. 
A. Testing Procedure 
Lots of 3 specimens each were packed securely in shipping crates and 
shipped by truck freight to Milwaukee. They arrived at the testing 
facility at a curing age of 5 to 10 days and were stored inside until 
they could be tested. Individual specimens were tested at curing ages of 
7 to over 28 days. See Figure 9 for grout strengths at these ages. Grout 
strength was adequate in all cases to prevent general bond breakdown, and 
therefore was not a critical factor in this experiment. 
The specimen was mounted in the testing frame, and a static load was 
gradually applied until the spacer block in the center of the specimen 
could be moved by hand. This load was recorded as an indication of the 
effective prestress remaining in the specimen. Then the spacer block was 
removed, and the specified range of loads was set on the Amsler pulsator. 
The load carried by the exposed section of the strand was a sinu­
soidal pulsating load in tension from a constant minimum of 14.0 kips to 
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the maximums indicated in the previous section. The load was checked 
daily. "Oie specimen was checked frequently for deterioration or twisting. 
The spécimens were very stable and therefore were tested unattended over 
weekends. A microswltch above the loading beam was set to shut off the 
machine v^ en the specimen elongated 0.010 inch. Figure 10 Is a photograph 
of a test in progress. The spacer block has been removed and is on the 
floor in the foreground. A trace of the sinusoidal loading can be seen 
on the oscilloscope at the right. 
Testing continued until one wire of the strand fractured or until a 
minimum of 2,000,000 loading cycles. If the wire fractured inside the 
grout, the machine shut off, but the failure was not evident. In these 
cases the cycles at shut-off were recorded, the load was checked, the 
microswltch was reset, and cycling continued until failure was evidenced, 
either by the fractured wire working out and bowing, or by a second wire 
fracturing and one or both bowing out in the center exposed section. The 
number of cycles to each failure was recorded. 
At the completion of the test, the spacer block was reinserted and 
the load gradually reduced until the spacer block was just movable. This 
load was recorded as an indication of the prèstress remaining after 
fatigue deterioration of the specimen. Then the specimens were shipped 
back to the author for examination. 
B. Specimen Identification and Notation 
Each specimen will be referred to by two numbers separated by a hy­
phen. The first number indicates the lot or the 30 ft. length of strand 
MICRO-
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PIG. 10. View of fatigue test In progress 
from which the three specimens were made. The second number is the 
specimen number, 1, 2, or 3, of that lot. Thus specimen 8-1 is the first 
specimen of lot 8. Lot numbers range from 1 to 60. 
When referring to the probit analysis, stress will be indicated by 
"S" with various subscripts. However when referring to analysis of 
prestressed concrete flexural members, stress will be indicated by "f" 
with various subscripts and/or superscripts. The former (S-system) is 
frequently used in the field of metal fatigue (28, 29), whereas the latter 
(f-system) is widely used in the field of structural engineering (1, 7, 8, 
9). All symbols used are explained in full in the section on page v. 
C. Test Results 
The specimens are divided into five groups according to their maximum 
stress levels (lowest level is group 1, etc.) and are tabulated along with 
their testing results in Table 3. A sixth group is added at the bottom of 
Table 3 consisting of specimens whose test results were not used in the 
analysis due to load drift or other malfunctions. All notes are explained 
in detail in the next section. 
D. Observations and Comments 
Initial prèstress, F^ , varied from 19.0 to 21.8 kips with an average 
of 19.9 kips, which is close to the 70% or 19.6 kips desired. Normal 
losses due to relaxation, elastic shortening, creep, shrinkage and seating 
of strandvlses averaged about 13% The average loss of effective 
prestress, AF, is 8.8 kips, and is due to deterioration of the strand in 
Table 3. Results of the fatigue testing program 
Group Specimen Date F Date m^ax N Failure* ÛF^  Comment 
no. no. poured (kips) (kips) failed (ksi) (10* cycles) location (kips) no. 
29-1 15 Dec. 19.5 15.4 8 Feb. 161.7 3.342 NF 12.7 1 
29-2 II II II 14.9 11 Feb. II 2.030 NF 11.4 
29-3 II II II 15.4 15 Feb. II 2.600 NF 7.7 
6-3 II II 19.0 14.4 5 Feb. II 2.006 NF 11.6 
34-2 2 Jan. 19.2 15.9 30 Jan. II 2.765 NF 15.2 
34-3 2 Jan. 19.2 16.8 2 Feb. II 2.623 NF 10.6 
8-2 27 Jan. 20.0 15.5 19 Feb. II 2.116 NF 12.3 2 
8-3 27 Jan. 20.0 10.7 23 Feb. II 2.743 NF 9.4 
20-1 13 Feb. 20.2 14.5 25 Feb. It 2.463 NF 14.5 
3-1 17 Feb. 20.0 19.7 1 Mar. tl Unknown G,3/4 4.9 3 
3-2 II II II 17.6 6 Mar. II 2.547 NF 10.1 
3-3 II II II 19.7 8 Mar. tl 2.077 NF 1.8 
9-3 28 Oct. 19.7 18.9 12 Nov. 164.5 1.580 C 2.4 4 
13-3 11 11 20.0 18.5 16 Nov. tl 2.359 C 3.3 4 
9-1 II II 19.7 18.5 19 Nov. II 2.403 C 6.6 4 
13-2 II II 20.0 16.1 22 Nov. II 1.608 C 2.3 
9-2 II It 19.7 17.4 27 Nov. II 3.881 NF 0.6 
13-1 II It 20.0 18.6 30 Nov. II 2.141 C 3.4 
36-1 22 Nov. 20.3 15.2 7 Jan. II 4.131 NF 15.2 5 
36-2 II ti II 13.4 13 Jan. II 4.098 NF 13.4 
36-3 II n II 14.4 16 Jan. II 4.424 NF 14.4 
®NF = no failure; C = failure in the central exposed section of the specimen; G,x = failure in 
the grout, x inches in from center face. 
L^oss of effective prèstress force, F, during the fatigue test, measured as described in 
Section A. 
Table 3. (Continued) 
Group Specimen Date F Date 
no. no. poured (kips) (kips) failed 
38-2 14 Sept. 19.5 14.1 15 Oct 
22-1 II II 20.3 14.2 16 Oct 
38-3 II II 19.5 14.5 20 Oct 
22-3 II II 20.3 14.7 21 Oct 
22-2 II II 20.3 14.9 22 Oct 
6-1 15 Dec, 19.0 15.4 19 Jan 
6ir2 15 Dec. 19.0 14.1 22 Jan 
34-1 2 Jan. 19.2 16.3 26 Jan 
8-1 27 Jan. 20.0 14.4 16 Feb 
20-2 13 Feb. 20.2 16.6 26 Feb 
20-3 13 Feb. 20.2 15.3 3 Mar 
46-1 26 Feb. 21.8 20.2 9 Mar 
46-2 tl II 21.8 21.6 11 Mar 
46-3 It II 21.8 20.0 15 Mar 
1-3 9 Mar. 19.4 19.2 22 Mar 
24-1 9 Mar. 19.8 18.6 24 Mar 
1-1 9 Mar. 19.4 18.4 17 Mar 
1-2 tl It 19.4 18.5 19 Mar 
24-3 It II 19.8 18.9 26 Mar 
28-1 15 Mar. 20.8 16.7 30 Mar 
49-1 25 Mar. 19.7 19.5 10 Apr 
49-2 It II 19.7 16.8 12 Apr 
49-3 n II 19.7 19.6 16 Apr 
a b 
Smflv N Failure AF Comment 
(ksi) (10^  cycles) location (kips) no. 
170.0 0.466 C 5.5 
II 0.489 C 6.0 
II 2.101 C 3.8 
tl 0.483 C 2.9 
tl 0.394 C 4.8 
11 2.736 NF 15.4 
It 2.680 NF 14.1 
175.5 0.335 G,1 7.0 
tl 0.798 C 11.0 
II 0.320 C 16.6 
It 1.660 C 15.3 
It 0.893 C 14.3 
It 2.174 C 2.8 
It 2.712 NF 0.2 
tl 2.390 NF 9.5 
II Unknown G,3/4 14.0 
178.3 1.762 C 9.2 
II 2.008 NF 2.4 
II 0.791 C 5.6 
II 0.246 G,3/4 -
II 2.502 NF 1.7 
II 2.080 NF 0.7 
II 2.020 NF 3.1 
Table 3. (Continued) 
Group Specimen Date F Date m^ax N Failure* AF^  Comment 
no. no. poured (kips) (kips) failed (ksi) (10 cycles) location (kips) no. 
11-2 5 Apr, 20.5 17.4 12 Apr. 178.3 0.290 C 16.7 
11-3 5 Apr. 20.5 19.3 13 Apr. II 0.054 C 16.5 
5-1 9 Apr. 19.7 17.5 16 Apr. II 0.093 C 10.1 
5-2 9 Apr. 19.7 18.5 16 Apr. II 0.085 C 13.5 
5-3 9 Apr. 19.7 18.2 17 Apr. 11 0.042 C 2.6 
38-1^  14 Sept. 19.5 13.8 27 Oct. 170.0 3.965 G,2 11.0 7 
30-ld 22 Nov. 19.5 15.5 8 Dec. II 1.057 NF 15.2 8 
30-2 22 Nov. 19.5 15.4 9 Dec. II 0.070 NF 9.1 8 
30-3 22 Nov. 19.5 15.2 10 Dec. II 0.028 NF 7.9 8 
28-2 15 Mar. 20.8 13.7 2 Apr. 178.3 2.048 NF 13.7 9 
42-1 15 Mar. 20.8 17.3 5 Apr. II 2.081 NF 16.7 9 
42-2 15 Mar. 20.3 13.6 8 Apr. II 2.011 NF 11.0 9 
•^ Load dropped off to 166.0 ksi due to heating plant failure over a weekend. Regional bond 
failure 9 in. into grout. 
T^ests on lot 30 were terminated prematurely, thinking the specimens had failed when in fact 
they had not. 
fatigue and regional bond deterioration in the specimens. In most cases, 
the strandvises did not tighten on the strand, indicating that general 
bond failure did not occur. In the five groups analyzed, almost all 
failures were in the central exposed section of the strand, indicating 
that the grips were essentially stress-concentration free. 
Surface rusting was often observed in the areas of regional bond 
breakdown. This rusting did not appear to affect the location, time, or 
type of failure however. All failures were definitely in fatigue, and 
typical fractures are shown in Figure 11. As Indicated in Figure 11, the 
fatigue crack usually propagated about half-way through one wire of the 
strand, weakening it sufficiently to fail the remaining half with a 
normal tensile failure. The crescent-shaped fatigue crack consistently 
appeared to nucleate from a point common to two adjacent outer wires in 
the strand, suggesting that there is some minute relative movement of 
the wires in the strand. 
Specimens in Group 2 were allowed to run to failure or 4.0 million 
cycles. As can be seen from Table 3, 4 of the 7 that survived 2.0 mil­
lion cycles also survived 4.0 million cycles. This indicates that the 
true fatigue limit must be estimated at a cycle life greater than 2.0 
million. It also illustrates the flatness or small slope of the S-N 
curve in this region, indicating that the probit test was performed in 
the long-life region. 
Comment No. 1: Lots 29, 6, 34, 36 and 30 were all coated with oil 
to prevent rusting. Before grouting, these strands were cleaned with 
cleaning solvent, but evidently some oil still remained between the wires 
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of the strand. This remaining oil probably affected the bonding with the 
grout and caused the large losses of effective prestress, AF, indicated 
for some specimens of these lots. No effect on the fatigue life was 
observed. 
Comment No. 2: Lots 8 and 20 had also been coated with oil but 
cleaned thoroughly after with carbon tetrachloride. This tended to 
decrease the large loss of prestress. 
Comment No. 3: Tests on 3-1 and 24-1 were terminated at 2.742 and 
2.112 million cycles respectively, thinking no failure had occurred. 
Upon disassembly and examination of the specimens, it was seen that one 
wire was fractured about 3/4 in. into the grout in each case. Since 
evidently in these tests the microswitch did not detect the fractures and 
shut off the machine, the exact number of cycles to failure is unknown, 
however it will be conservatively assumed that the worst case happened 
and that failures occurred before 2.0 million cycles had elapsed. The 
location of the fractures, although slightly within the grout, were still 
within essentially exposed regions, since regional bond breakdown 
extended more than an inch into the grout in these and most cases. 
Comment No. 4: Specimens 9-3, 13-3, and 9-1 each had two wires 
fractured. The testing machine shut off at the number of cycles indicated 
in Table 3, but no failure was evident. The machine was reset and re­
started, and it stopped again at 0.060, 0.300 and 0.070 million cycles 
after the first shut-off, respectively. Failure was then evident. Upon 
disassembly, two fractures were discovered. The first fractures were 
presumed to have occurred at the first shut-off. 
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Comment No. 5: Tests on lot 36 were stopped prematurely, thinking 
there had been a failure. Cycle life at this time was 1.501, 0.258 and 
0.165 million cycles. About three weeks later testing was resumed out to 
4.0 million cycles, still with no failures. 
Comment No. 6: The machine shut off on specimen 34-1 at 0.335 and 
0.499 million cycles. Each time no failure was evident, the load was 
checked and the machine restarted, until the test was stopped at 2.171 
million cycles. Upon disassembly and examination, it was discovered that 
the central wire and one outer wire were broken approximately 1 in. into 
the grout. It was presumed that the first fracture occurred at 0.335 
million cycles, and the second at 0.499 million cycles. Specimen 28-1 
behaved in a similar fashion, but with only one wire fracture at 0.246 
million cycles. The loss of preload was not recorded at that time. 
Comment No. 7: Specimen 38-1 was running unattended over a weekend, 
when a heating plant shutdown caused a drop of about 20*F in temperature 
in the lab. This increased the viscosity of the hydraulic fluid in the 
Amsler pulsator, causing a drop in maximum load of 420 lbs. Most of the 
specimen's life was at the lower running load. The specimen had a 
regional bond failure 9 in. into the grout from the center face, and the 
fracture occurred in this region about 2 in. in from the face. 
Conment No. 8: Tests on lot 30 were terminated prematurely, thinking 
the specimens had failed when in fact they had not. This was not 
discovered until the specimens were broken apart. Therefore they were 
not retested. 
Comment No. 9: Specimens 28-2, 42-1 and 42-2 appeared to have 
4.4b 
extensive bond breakdown, with rusting as far as 15 in. into the grout. 
Control with these specimens was difficult, and it was felt that the 
indicated fatigue strength was erroneous. Upon disassembly of these 
specimens it was seen that the strandvises had tightened considerably in 
end bearing on the specimens, nicking the strand, and indicating a general 
loss of bond. 
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IV. ANALYSIS OF TEST RESULTS 
First a statistical analysis of the test data will be conducted to 
determine sample statistics. Then these data will be analyzed and compared 
with strand fatigue characteristics as determined from other tests, so as 
to present the data in the most usable form for the practicing engineer. 
The final results will then be incorporated into a combined diagram solu­
tion for prediction of fatigue resistance in prestressed concrete flexural 
members. 
A. Statistical Analysis 
For the purposes of a linear regression analysis, the data of Table 
3 can be condensed and transformed as shown in Table 4. "Die observed 
percentage, P, of specimens surviving 2.0 million cycles is transformed 
to values of z using tabulated values of Figure 5 (Reference 28, Table 
28). Y is called the transformed value of P, and Y = z. Since the stress 
levels are multiples of 2.75 ksi apart, these values can be coded to 
reduce the size of the number. X is the coded value of S^ y^. 
The response curve is shown in Figure 12, and represents the varia 
tion of Y with X. Second scales show the corresponding values of P and 
®max* straight line was fitted by the method of least squares. The 
equation of this line is: 
Yf = a + b (X-X) Eq. 16 
where the subscript, f, has been added to Y to denote the fitted values 
of Y that actually lie on the straight line. 
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Table 4. Data transformations for a least squares fit 
Coded Transformed Fitted Fitted 
®max value P values values values 
(ksi) X (%) Y X^  XY Yf Pf 
161.7 1 91.7 -1.386 1 -1,386 -1.127 87.0 
164.5 2 77.8 -0.766 4 -1.532 -0.825 79.5 
170.0 4 42.8 +0.182 16 +0.728 -0.221 58.7 
175.5 6 33.3 +0.432 36 +2.592 +0.383 35.1 
178.3 7 33.3 +0.432 49 +3.024 +0.685 24.7 
Sum 20 -1.106 106 +3.426 
X » 4.00 Y = -0.221 
The equations for the slope and Intercept of a line fitted by the 
method of least squares are (Reference 28, p. 33): 
Slope, b - E,. 17 
Intercept, a = Y Eq. 18 
where m is the number of groups tested, and the summation sign indicates 
the sum from 1 to m. 
Substitution of m = 5 and appropriate values of other terms from 
Table 4 into Equation 17 permits estimation of the standard deviation. 
. 1 _ 3.426 - 5(4)(-0.221) 
" " s " 106 - 5(16) 
s = 3.315 (coded) 
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FIG, 12. Response curve for strand fatigue tests 
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s = (3.315) (2.75) 
s = 9.12 ksi 
The sample statistic, s, was also calculated by the method of weighted 
linear regression analysis as outlined in Reference 31, pp. 468-479. The 
result was s = 9.18 ksi, or essentially no difference. (The latter method 
involves tedious calculations however, and therefore is not recommended.) 
a = Y = -0.221 
Equation 16 becomes 
= -0.221 + 0.302 (X-4) Eq. 19 
Fitted values, Y^ , are obtained by substituting the coded X-values 
of Table 4 into Equation 19. These values of Y^  can be transformed into 
values of percent survival, P^ , using tabulated values of Figure 5 (Refer­
ence 28, Table 28). 
To determine the median fatigue strength, at 2.0 million cycles 
and at = 50% S^ , the value can be read directly off the response 
curve at P = 50%7 or it can be calculated by substituting Y = 0 into 
Equation 19 and decoding the resultant X. Either way 
S^ Q = 172.0 ksi. 
Similarly, for P = 90% can be evaluated. 
SgQ = 160.3 ksi. 
The 95% confidence limits on the response curve were determined in 
the usual manner (28, p. 37). Ihey may be used to calculate a confidence 
interval on the true mean response for a given stress level; or for a 
fixed response to calculate the confidence interval on the associated 
stress level. 
A chi-square test (Reference 28, p. 36) should be conducted to deter­
mine how closely the observed data resemble a normal distribution. 
Table 5 contains a comparison of observed and expected number of 
survivors. The summation of the right hand column is the chi-square 
(X^ ) value for the program, 1.473. For five test levels, the number of 
degrees of freedom is three, since the two parameters of Equation 19 have 
9 
been estimated from the data. For this type program, the mean X is equal 
to the number of degrees of freedom, or 3.0. Since 1.473 is smaller than 
3.0, the discrepancies noted in the table can be assumed attributed to 
randota fluctuations about the relationship specified in Equation 19. 
Thus the test data show a close correlation to the normal distribution. 
P(Sjjjax) and are then related by Equation 7, substituting for X, 
s for 0", and S50 or for p.. An S-N curve is usually a median curve, 
or S^ Q-N curve. Thus P-S-N curves are now possible to develop. 
B. Fatigue Characteristics of Strand 
1. P-S-N curve 
Figure 13 is the P-S-N curve for the strand tested in this program. 
The median (solid) line shows the variation of with N, or the 
number of cycles to failure or termination of test. This line was drawn 
through the middle regions at each stress level so as to form a smoothly 
continuous curve. The dashed lines for P = 10% and P = 90% were drawn 
50 
Table 5. Comparison of observed and expected number of survivors with 
the chi-square test 
m^ax 
(ksi) 
Pf 
(%) k 
Observed 
X — 
Expected 
kP 
Discrepancy 
(x-kP) 
(x-kP)^  
kP(l-P) 
161.7 87.0 12 11 10.44 +0.56 0.231 
164.5 79.5 9 7 7.16 -0.16 0.017 
170.0 58.7 7 3 4.11 -1.11 0.727, 
175.5 35.1 9 3 3.16 -0,16 0.012 
178.3 24.7 12 4 2.96 +1.04 0.486 
° "ui " 
parallel to the solid line (where P — 50%) at a distance of 1.28 s to 
either side. The standard deviation, s, was assumed constant over the 
entire region. 
In other words, having evaluated s and then the relationship 
between P and is in the form of Equation 7, since a normal distri­
bution is suggested from the linearity of the points plotted in Figure 
12. 
S 
max — 
' 9.12 f2F 
-00 
Standardized tables are readily available to evaluate Equation 20 for 
various S and P. Entering Table 28 of Reference 28 with values P = 10%, 
P = 90%, values of S^ g^^  = S^ ,^ + 1.28 s respectively result. Or the 
values of can be read directly from Figure 12. Note that most 
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FIG. 13. P-S-N curve for 7/I6 in. ASTM grade strand at S^  ^= 50/5 S^  
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points lie within these lines. 
The median curve of Figure 13 is plotted along with S-N curves from 
References 20 and 22 in Figure 14 for comparison purposes. The data from 
these independent testing programs appear to fit together quite reasonably 
and consistently. When evaluating the data or its resulting curve from 
Reference 20, it should be kept in mind that this curve is based on tests 
of only 9 specimens. The general shape of this curve should logically be 
more like those of Reference 22 in this short-life region. The stress 
ordinate is normalized to the strand tensile strength for convenience in 
future use. 
2. Fatigue failure envelopes 
Using the median curves of Figure 14, a fatigue failure envelope can 
be constructed as shown in Figure 15. Matched sets of symbols tie the 
two figures together and indicate the method of construction. Choosing 
a value for N, such as N = 5.0 million cycles, then three values of 
can be read from the three curves for different (All stresses are 
in terms of Sy) These sets of and can then be plotted to form 
a partial failure envelope for N = 5.0 million cycles. The procedure 
is then repeated for other values of N. The S-N curve for = 50% 
was extrapolated as shown by the dashed lines, keeping in'mind the danger 
involved in extrapolation of data of this kind. Since this curve was 
bracketed by the other curves, the extrapolation was considered relatively 
safe, and permitted constructing each partial envelope from N = 0.03 
million to N = 5.0 million with three points. The steel fatigue failure 
envelope of Figure 2 for N = 1.0 million (33) is superimposed on the figure 
f 
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FIG. 14. Median S-N curves for various minimum stress levels 
54 
1.0 
VALUES OF 
0.8 
0-
0.6 
2 
s 
u 
0.2 
NOTE: Symbols shown on envelopes match with those of Figure l4 
at a given N-value 
FIG. 15. Fatigue failure envelopes for strand at P = 505S 
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in dashed lines for conçarison purposes. (See section C3 in this chapter 
for a further discussion of this envelope.) A probability of 50% is 
associated with Figure 15 since it was derived from median S-N curves. 
A failure envelope was similarly drawn for P = 90%. Some simplify­
ing assumptions had to be made concerning the variation of the standard 
deviation, s, of fatigue characteristics of strand with the cycle life, 
N. For all three S^ ^^  curves of Figure 14, it was assumed that the 
standard deviation of S^  ^was 9.12 ksi over the long-life region (1.0 
million to 5.0 million cycles). No other data are available other than 
this paper to estimate this deviation. In the short-life region, 0.04 
million to 0.4 million, the standard deviation of log-fatigue life, log 
N, Is more appropriate. An estimation of this term, which shall be called 
D, was presented in Reference 22, Equation 3.6. 
D = 0.2196 - 0.0103 R (0 < R < 15) 
«here R= - <0.8 + 23). 
Again all stresses are in percent of S„. Thus, D could be calculated for 
various points on each S-N curve, and the curve for P = 90% could be con­
structed at a distance of 1.28 D from the median curve. Values of D as 
given by the above equation were not used for values of R less than about 
5, since the results were unrealistic. This resulted in a transition 
range (0.4 to 1.0 million cycles) through which a smooth curve was drawn 
to connect the two regions. Figure 16 shows the results of these pro­
cedures, solid S-N curves for P = 90% with the median S-N curves of 
Figure 14 shown in dashed lines. Then the failure envelope of Figure 17 
IOOT 
<?feu) 
D g 0.2196-0.0103RJ _Transitior^ 
(5 < d 4 15) T range 
s = 9.12 ksi 
LEGEND: 
P = 5055 
P = 90# 
Extrapolated 
40% S 
FIG. 16, S-N curves for various S^_ levels at P = 90^ 
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FIG, 17. Fatigue failure envelopes for strand at P = 90^  
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could be drawn as before. No cooqplete envelope for P = 90% is available 
for comparison purposes. 
Realizing that some accuracy can be lost in the replotting and 
reconstruction of curves, the author derived a family of equations which 
could adequately describe the fatigue characteristics of strand over the 
range of variables investigated. 
It was found that plotting the original strand fatigue test data of 
this paper and References 20 and 22 as log Sj. versus log N resulted in 
two straight lines for each S-N curve. 
®r " ^max " ®mln 
where all stresses are in percentages of S^ . Figure 18 shows the straight 
line plots of versus N on log-log paper for all three minimum stress 
levels. Note that the break in the lines is approximately at N = 400,000 
cycles. 
The equations for these lines are of the general form 
log Sj. = m log N + log k Kq. 22 
or taking antllogarithms 
Sp = k N* Eq. 23 
where constants k and m can be evaluated for each of the six straight 
lines. Equation 23 is similar in form to Weibull's suggested equation 
for an S-N curve (34, p. 352) 
(S-S-)° N = k (S > S.) 
5 
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FIG. 18. Log-log plots of median S-N curves 
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where is the fatigue limit. 
Dividing the S-N diagrams into two regions: a short-life region 
(40,000 < N < 400,000), and a long-life region (400,000 < N < 4,000,000), 
the values of k and m are calculated at each minimum stress level and are 
tabulated in Table 6. 
Table 6. Parameters for equations of a family of S-N curves 
Sfflin 
a SU) 
Short-life region Long-life region 
k m k m 
40 1133 -0.317 72.2 -0.1032 
(1180) (84.3) 
50 1094 -0.322 85.9 -0.1243 
(1072) (76.7) 
60 950 -0.320 71.5 -0.1186 
(68.7) 
m " -0.320 m = -0.1154 
It is seen that m is essentially constant in each region and that k 
varies with S^^ q as specified in the following equations (values of k in 
parentheses are corrected values due to the slight change in m by using 
an average value, m): 
Short-life region, 
k = 1640 - 11.5 S^ jj Eq. 24 
Long-life region, 
k = 115.5 - 0.78 Eq. 25 
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Substituting these equations into Equation 23 relates and to N, 
and completes the analysis. 
Short-life region, 
Sr = (1640 - 11.5 S^ „)N-0-320 Eq. 26 
Long-life region, 
Sr = (115.5 - 0.78 Eq. 27 
Substituting values of two parameters into Equations 26 and 27, solving 
for the third, and comparing with original data shows a very good corre­
lation, with little entry of error (< 5%). These equations were derived 
for a range of values of S^ ^^  from 40% to 60% S„. 
C. Incorporation into the Combined Diagram 
First, the simplified moment-stress diagram for the prestressing 
steel will be discussed in some detail. Then the envelopes of the pre­
ceding section will be combined with this diagram to form a new, more 
generalized combined diagram. The generality of this combined diagram 
will then be discussed. 
1. The simplified moment-stress diagram for steel 
Prestressing steel in a prestressed concrete beam is under stress, 
fgg, even under zero external load. This then may be considered as the 
starting point in the load history of a beam, and it is Indicated as point 
1 in Figure 19. (Of course, we are not considering and are not concerned 
with the initial prestressing stage and subsequent losses of initial 
prestress in the beam.) As external load is applied, including beam dead 
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FIG. 19. Steel stress and concrete bottom fiber stress versus external 
bending moment 
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load, the steel stress varies linearly. This linearly elastic region of 
beam behavior is shown as the straight line between points 1 and 2 in 
Figure 19. The first time an overload is applied, the linear region 
extends past point 2 until cracking occurs in the concrete, at which time 
the steel stress rises sharply (dashed lines). Under repeated loading of 
magnitude greater than the crack will start to reopen \^ en the concrete 
bottom fiber stress reaches zero, and the steel stress will now start its 
non-linear increase at this point. The steel stress continues to rise 
with increasing load until it reaches a maximum value, fg„, at the ultimate 
capacity of the section. This line is labeled the theoretical curve in 
Figure 19. 
A simplified moment-stress diagram has been suggested which can be 
very easily constructed using terms that are routinely calculated in con­
ventional beam design (35). This is the conservative approximation shown 
in the figure as the line between points 2 and 3. That this line is 
almost always conservative with respect to both the theoretical and actual 
case has been shown in Reference 27. The degree of conservatism increases 
as the beam design tends toward a statically overreinforced design. 
The factor, q, is a convenient term with ^ ich to determine 
whether a beam is statically underreinforced or overreinforced, where 
The theoretical curve of Figure 19 is for a "q" of about 0.2. A beam with 
a q < 0.3 is considered statically underreinforced (8). The simplified 
diagram of Figure 19 is appropriate for beams of q < 0.3. For actual 
service members, values of q < 0.2 would be normal. 
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The three points of the simplified diagram are readily ascertained. 
The first is simply M = 0, fg = fgg. The second is the external moment 
and steel stress associated with zero bottom fiber stress in the concrete, 
which terms shall be called and fg^  respectively. The third point is 
simply the static ultimate strengths of the beam and the steel, and f\ 
The approximation is of course in the non-linear region, and the conserva­
tism is greatest around cracking loads. 
For overreinforced beams, q > 0.3, it has been recommended (27) to 
lower the ordinate of point 3 by an amount (fs-fgy)/2. This modification 
tends to keep constant the degree of conservatism of the simplified diagram 
for beams of all q-values. 
2. Combination with failure envelopes 
Figure 20 shows the simplified diagram for steel paired with the 
50% probability failure envelopes for steel. This combined diagram is 
essentially the upper half of Figure 2, and it is used the same way, with 
two Important differences. First, it can be used to predict fatigue 
life as well as fatigue strength for various numbers of repeated loads. 
The prior diagram was limited to predicting fatigue strength for 1.0 
million cycles of stress only, or to predicting whether a beam would or 
would not survive 1.0 million cycles. These limitations have been re­
moved. Second, a stated percent assurance or probability can be assoc­
iated with the prediction, utilizing the infoirmation learned from the 
experimental investigation. Associating a probability with the predicted 
life permits a more rational discussion of f^ at might otherwise appear as 
conflicting results. In other words, the fatigue characteristics of a 
1.0 
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FIG. 20. Determining fatigue properties of an underreinforoed beam with the combined diagram 
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beam are also of a statistical nature, and these characteristics cannot 
be stated as single values but must be treated statistically. 
With Figure 20, the associated probability would be 50%. Using 
the 90% envelopes of Figure 17, the prediction of fatigue life would 
carry an assurance of 90% that this life would actually be attained. In 
other words, in 90 out of 100 cases this combined diagram should predict 
beam fatigue lives that are equal to or less than the observed lives. 
Note also that all axes of the combined diagram are normalized with 
respect to the static ultimate strength of the appropriate con^ onent. 
3. Generality of the combined diagram 
With respect to the generality of the combined diagram, our primary 
concern is with the fatigue failure envelopes for the prestressing steel. 
This is because we are primarily concerned with the combined diagram as it 
applies to statically underreinforced beams, since the majority of pre-
stressed concrete structures are presumably underreinforced. 
Questions immediately arise as to the applicability of the failure 
envelopes of Figures 15 and 17 to strands of various sizes and strengths 
and from different manufacturers. The results of an earlier investigation 
by the author (27) on the effects of these variables on the fatigue 
strength of strand are repeated here in summary form with references to 
original sources. 
The predominant property of the strand with respect to its fatigue 
strength is its static ultimate tensile strength. Since the relationship 
of these two properties Is approximately linear through a wide range of 
composition and hardnesses (36), the effect of this variable has been 
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taken into account by normalizing the failure envelope with respect to it. 
Another important factor is the carbon content, which could vary 
among manufacturers and even from lot to lot of one manufacturer. Content 
of carbon is more inq>ortant than that of any o£ the other alloying elements 
(37), but the fatigue strength of strand is much more sensitive to its 
ultimate tensile strength than to its composition (36). Hardness, ductil­
ity, carbon content, miscrostructure and tensile strength are factors 
which are interrelated, and most of which are governed by ASIM specifica­
tions (Reference 38, A416 and A421). Construction methods are also 
fairly standard, all of which indicates that ASIM grade strand is a 
carefully-controlled, quality product (39). A direct indication of the 
variability of fatigue strength due to different lots or manufacturers has 
not been reported; however it is probably slight, as will be shown later 
by comparing several Independent strand fatigue testing programs. 
Strand used in pre-tensioning work varies in nominal size from 5/16 
in. to 1/2 in. by sixteenths of an inch. Theoretically, the larger the 
surface area of a member, the more chance there is for fatigue to start 
(34). However practically speaking, the change in area involved here is 
small, so that the size effect on an individual strand in fatigue would 
be difficult to isolate or perceive. A recent investigation (24) of 
fatigue strength of beams with different sized strands was termed incon­
clusive by that author. Beams pre-tensioned with 3/8 in. and 1/2 in. 
strands appeared to be of the same strength, with 7/16 in. strands giving 
slightly lower results. However, this investigation was not statistically 
designed, and had more beams been tested, the strengths might have been 
similar for all three sizes. 
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In summary then, it is contended that the variations in ASTM grade 
strand fatigue strength due to different sizes, different lots or heats, 
and different manufacturers are of a negligible order compared to the 
inherent variability of fatigue characteristics. The dominant factor 
in this regard is the static ultimate tensile strength, which has been 
taken into account by normalizing the axes with respect to that factor. 
To support this contention. Figure 21 graphically compares the results of 
five independent strand fatigue testing programs with the Ros failure 
envelope (33) for N - 1.0 million cycles. Note that the strands were of 
three different sizes, and that in this case the 7/16 in. strand appears 
stronger than the 1/2 in., which supports the above comments concerning 
the test results reported in Reference 24. Two different strengths were 
also Involved; 250 ksl for all strands except those of Fisher and Vlest 
(20) idilch were 275 ksl. The remarkable point of the figure is that all 
points lie reasonably close to the failure envelope despite the fact that 
the envelope was derived from fatigue tests on 0.118 in. high-strength 
dimpled European wire. 
The only limitations that appear appropriate for the failure envelopes 
then are that the strand meet ASTM specifications and that it be of 
approximately 5/16 in. to 1/2 in. in diameter. Also an inçllclt limita­
tion is that the repeated loading must be of constant Intensity, since 
the S-N curves utilized to construct the failure envelopes were results 
of tests in pulsating tension of constant stress amplitudes. This may be 
the case for laboratory fatigue tests on beams, but actual service members 
experience a random loading of varying stress Intensities. A cumulative 
damage rule will be adopted in the next chapter to account for variations 
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FIG, 21. Comparison of the fatigue failure envelope for 0.118 in 
dimpled wire with results of strand fatigue tests 
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in stress ançlitude. Further indication of the generality of the combined 
diagram will result from its use in analyzing numerous and varied beam 
tests, which is done also in the next chapter. 
71 
V, ANALYSIS OF PRESTBESSED CONCRETE BEAMS IN FATIGUE 
A cumulative damage rule will first be adopted so as to permit 
analysis of beams under repeated loads of varying intensity. Then the 
procedure for analysis will be outlined in detail, followed by the use of 
this procedure on beam fatigue tests reported in the literature. The 
results of this analysis will provide an indication of the characteristics 
of the combined diagram approach. Finally, an analytical, rather than a 
graphical, approach will be employed to evaluate fatigue life. 
A. A Cumulative Damage Rule 
The intent in this section is not to formulate a theoretical cumula­
tive damage rule in fatigue, but to merely adapt an existing one, 
preferably one which has been proven satisfactory in the field of beam 
fatigue. 
A relatively simple rule of cumulative damage was suggested by Miner 
(40) for use in structural design, and it has become widely known as 
"Miner's rule." It states that damage accumulates linearly with the cycle 
ratio, n^ /N^ , resulting in failure when the damage is complete and the 
summation of cycle ratios equals unity. Symbolically, 
i+!!2 + ... - 2 Ili » 1 Eq. 29 
Ni Ng Ng i 
where n^  is the number of cycles of loading at Sj^  stress intensity applied 
to the specimen, and N^  is the mean fatigue life of the specimen at S^ , 
usually gotten from a median S-N curve. Average test values of two 
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series of tests by Miner for gn^ /^N^ ) were 0.98 and 1.05, with a maximum 
of 1.45 and a minimum of 0.61. Considering the scatter involved in 
fatigue on these aluminum alloy specimens, these results are in good 
agreement with his concept (37). 
A more general relationship between damage and cycle ratio was 
suggested by Richart and Newmark (41), relating degree of damage, D, with 
the cycle ratio, R, at different stress levels. Symbolically, 
D = R" 
where n depends upon the stress level, and must be determined experimen­
tally from D-R curves. A review of this and other approaches (37) 
suggests that the test data of Richart and Newmark results in values of 
in not unreasonable agreement with Miner's concept. 
Dolan, Richart and Work (42), in their tests on several steels and 
one aluminum alloy, found ^ (n^ /N^ ) values much different from unity. 
Values ranged from 0.18 to 23.0 with only a small number of tests giving 
the value of unity. Thus, it is evident that Miner's rule is not above 
some critical considerations. 
Several reviewers (22, 35, 37) suggest that variations in crack 
propagation and the effect of the order in which stress levels are applied 
all tend to average out if the stress levels are applied in random order. 
They further observe that better correlation with the linear cumulative 
damage theory would be obtained had tests such as those of Dolan, Richart 
and Work (42) been conducted to approximate random order. 
Since the stresses in a bridge beam due to traffic are of a random 
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nature. Miner's rule may be applicable to the problem of prestressed 
concrete beam fatigue. In fact, in a recent investigation (22) involving 
55 strand cumulative damage tests at two and three maximum stress levels 
in approximate random order, very good agreement with Miner's rule 
resulted. The mean value of was 0.97 with extreme values of 
0.48 and 1.65, and a standard deviation of 0.224. Since the variance was 
about the same as that obtained from constant cycle tests, it was conclud­
ed that the scatter in values of 3[n^ /N^ ) was due to inherent variability 
in fatigue test data rather than to inapplicability of Miner's rule. 
This rule was then used to predict fatigue life in three prestressed con­
crete beam cumulative damage tests with satisfactory results. 
Since the application of Miner's rule gave satisfactory results in 
the field of prestressed concrete beam fatigue, this rule of cumulative 
damage will therefore be used with the combined diagram. Concepts of 
cumulative damage, such as Miner's rule, are usually explained with the 
aid of S-N curves (34). Since the combined diagram involves failure 
envelopes rather than S-N curves, the use of Miner's rule with failure 
envelopes will be developed through an example. 
Consider a bridge beam that carries a certain dead load, including 
its own weight, all of the time, and also carries live traffic loads of 
various magnitudes. Suppose that the dead load causes a stress is the 
strands, including the prestress, of S^ j^  ^= 50% S^ , which is assumed to 
be carried all of the time. Suppose further that the live loads cause 
stresses and ; where R^  represents a whole spectrum of stresses, 
all of which are less than Sg - and Rj^  = 14% S^ . Sg is the 
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endurance limit, which is assumed to be the stress associated with 
5,000,000 cycles, at which point the S-N curve is assumed to have a hori­
zontal tangent. The understresses, R^ , ate conservatively ignored in the 
analysis. A traffic analyst estimates that the maximum stress level, 
= 64% S^ , will be carried 500,000 times during the life of the bridge. 
Overloads of stress level Sg = 707. are forecasted, and the designer 
wishes to know how many cycles of these overloads can be sustained by 
this beam during the life of the bridge at a 50% probability. 
Plotting and on the failure envelope of Figure 22 re­
sults in values of associated cycle lives, and Ng as indicated on the 
diagram. These values had to be interpolated between the solid lines and 
are therefore approximate. Then using Miner's rule or Equation 29, sub­
stituting in values of n^ , and Ng, and solving for n^  ; the answer to 
the designer's question is 225,000 cycles of the overstress, S^ . 
Interpolation of N values on what is essentially a logarithmic scale 
can lead to error, and the equations developed previously would be better 
used in a cumulative damage case. 
B. Procedure for Analysis 
The general purpose of an analysis of a beam in a fatigue situation 
is to determine its fatigue life under certain loading conditions, or 
possibly its fatigue failure moment. Or it may just be required to 
quickly check an existing design for assurance that fatigue failure would 
be a remote possibility. 
Suppose a prestressed concrete bridge beam has been in service, but 
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STEEL STRAND 
FAILURE ENVELOPE 
P = 5035 
80 
60 
~ 2,0x10 cycles 
Ng = 0,3x10^  cycles 
n. = 0,5x10^  cycles 
40 
0.5 (O 
20 
= 0,225x10^  cycles 
FIG, 22, Use of the cumulative damage rule with strand fatigue failure envelopes 
76 
was designed without regard to possible fatigue failure. It is now 
desired to determine how many cycles of overloads of given magnitude(s) 
can be endured. The procedure is outlined in four steps. A numerical 
example is given in the Appendix. 
1. First identify the beam as statically underreinforced, balanced or 
over reinforced. If it is not overreinforced, then only the failure 
envelope for steel need be used as shown in Figure 20. If overrein­
forced, the beam must be analyzed on the full combined diagram 
similar to Figure 2. Underreinforcement is assumed in this case, 
and this appears to be the more likely type of design in practice. 
2. Construct the simplified M-f^  diagram as explained in Chapter IV, 
Section C. This can be done in a routine manner after first calcu­
lating the effective prestress, the steel stress with zero net stress 
in the concrete bottom fiber, and the ultimate moment of the member. 
3. Locate f^   ^ and fg^  ^on the simplified M-fg diagram by obtaining 
the abscissae of these points, and In a cumulative damage 
situation, more than one and associated fg^  ^may be involved. 
4. Project f, . (point A) and f. (point D) onto the failure envelope 
"mm "max 
to obtain points B and C, Figure 20. Line BC must be vertical on the 
envelope. Point C in this case lies directly on the 1.0 million 
cycle envelope, thus the predicted fatigue life at a 50% probability 
is 1.0 million cycles. If more than one f_ is involved, the 
«max 
procedure explained with Figure 22 in the previous section should be 
followed. 
A similar procedure may be followed if the required fatigue life is 
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specified, but is unknown. The arrows on Figure 20 indicate how to 
arrive at for a specified life of 1.0 million cycles. For a higher 
assurance, the 907. probability envelope of Figure 17 may be used in the 
analysis. 
Traffic loads and the frequency of these loads become a complex 
problem to estimate. For analysis purposes, traffic data are assumed 
adequately known. This is discussed further in Chapter VI, Section B. 
There have been no reported fatigue failures in existing prestressed con­
crete bridges, however a number of such failures have occurred in labora­
tory tests. The analysis which follows in the next section is based 
solely on the published reports of laboratory tests. 
C. Analysis of Reported Beam Fatigue Tests 
A total of 107 beams were analyzed to predict fatigue life. The 
dimensions, reinforcement, and properties of these beams are summarized 
in Table 7. Note the wide variation in these beams of such key variables 
as beam size, static ultimate moment, percent steel and level of pre-
stress. The procedure-followed in the analysis was exactly as explained 
in the previous section for underreinforced beams, and as illustrated 
with the example in the Appendix. 
Results of key calculations leading to the prediction of fatigue 
life are summarized in Table 8, as are the values of and at a 
50% probability level. The figures for each beam of Table 8, illustrating 
the graphical solutions, are included in the Appendix. The values 
in Table 8 may be readily determined by utilizing the corresponding load-
Table 7. Dimensions, reinforcement and properties of test beams 
Test report 
reference 
number 
Number and size 
of beams (no. -
b in X h in. x L ft.) 
Tensile strand 
reinforcement 
(no. - in. dia.) 
P 
(%) 
s^i 
(% fP 
f 
c 
(ksi) (ksi) 
M 
u 
(k-in.) 
11 7 _ 6x8x19 2 - 7/16 0.605 70 5.50 249 293 
6 1 - 36x21x36 40 - 5/16 0.333 45 5.61 275 10,200 
14, type A 3 - 6x4%xl2 3 _ 5/16 0.865 65 6.66 272 120* 
14, type B 7 - 6x4%xl2 2 - 3/8 0.848 65 6.04 272 124* 
14, type C 4 - 6x4%xl2 2 - 3/8 0.760 65 5.71 272 128* 
15 6 - 8x10x19 2 - 1/2 0.396 70 6.42 250 441 
17 3 - 16%xl8xl8 11 - 1/2 0.532 60 7.44 250 4,386® 
22, lot I 3 - 6x12x12 3 _ 7/16 0.670 70 7.08 250 536 
22, lot II 3 - 6x12x12 3 - 7/16 0.654 50 6.49 250 545 
23 44 - 6x4%x6 2 - 3/8 0.806 60 7.04 272 105 
24, type A 5 - 15x18x16 10 _ 1/2 0.745 70 8.53 250 3,650 
24, type B 5 - 15x18x16 10 - 1/2 0.745 50 6.46 250 3,470 
24, type C 5 - 15x18x18 13 - 7/16 0.732 70 8.50 250 3,620 
24, type D 4 - 15x18x18 18 - 3/8 0.769 70 7.83 250 3,420 
43, type A 3 _ 36x33x23 15 - 1/2 0.195 68 6.52 250 16,740 
43, type B 4 - 36x33x21 19 - 1/2 0.248 68 7.24 250 17,840 
A^verage of observed values, including dead load. 
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stress history of the beam: fgg, Fg,,, and These values, 
when applied to the appropriate combined diagram in the Appendix, permit 
Npred to be read from the failure envelope and compared with N^ g^. 
The same analysis was repeated at a 907. probability level utilizing 
the 90% assurance envelopes of Figure 17. The results of this analysis 
are summarized in Table 9. 
D. Discussion of Results 
Figure 23 is a plot of versus at P = 507. in millions of 
cycles on a log-log scale. A log-log scale was selected so as to accom­
modate the large range in lives on a reasonably-sized graph. All results 
were plotted separately for each beam except those of Venuti (23), which 
were placed in four groups as indicated in Table 8. The median value of 
Nobs for each group was plotted with line extensions to indicate the 
range in fatigue lives of the beams within each group. Individual values 
of for each beam in each group are given in Table 10. Beams that 
failed in an overreinforced manner were omitted and were not analyzed. 
The 45 degree line labelled "zero error line" represents the locus of 
points for which = ^ obs* Note that of all 107 beams analyzed, 
only 18 plotted on the unsafe or non-conservative side of the zero error 
line, three of which never failed. It is quite likely that, had these 
three beams been tested to failure, they would have terminated on the con­
servative side of the line. Of the 15 failures that plotted on the un­
safe side of the zero error line, 14 were from tests by Nordby and 
Venuti (14, 23). All of these tests involved shallow beams with an 
Table 8. Moments, steel stresses and fatigue lives of test beams for P = 50% 
Test report Beam lâÊ 5^  Np^ ed^  «obs^  
reference fg  ^ s^  ^ (10* cycles) (10^  cycles) 
number 
11 
6 
14 
L2 0.57 0.360 0.592 0.090 0.703 0.15 0.460 
L3 II II It It 0.478 N.F. NF(l.O) 
lA II II It 11 0.577 1.00 NF(2.2) 
Ml II II It It 0.753 0.10 0.280 
M2 II II II II 0.720 0.12 0.325 
M3 II II II It 0.620 0.40 0.940 
M4 II II It It 0.830 0.04 0.126 
- 0.40 0.291 0.428 0.210 0.440 N.F. NF(1.4) 
lA 0.59 0.326 0.608 0.050 0.331 N.F. NF(l.O) 
2A 0.58 II It tt 0.680 0.35 NF(l.O) 
3A II II II II 0.744 0.18 NF(2.0) 
4A II 0.310 0.601 II 0.312 N.F. NF(9.7) 
5A II II II It 0.444 N.F. NF(l.l) 
5B II It II It 0.577 1.00 NF(l.l) 
6A II II II II 0.680 0.20 0.136 
6B II II 11 It 0.680 0.20 0.186 
P2 0.57 It It II 0.310 N.F. NF(l.l) 
P3 0.56 II 0.589 II 0.569 1.1 NF(2.2) 
S5 0.54 0.330 0.602 0.040 0.330 N.F. NF(2.0) 
G5 0.56 II It 0.050 0.330 N.F. NF(2.0) 
S6 0.55 It It 0.040 0.631 0.35 0.842 
G6 0.57 It It 0.050 0.638 0.30 NF(2.0) 
®N.F. = no failure or > 5,000,000 cycles. 
N^F( ) = no failure observed, test discontinued at ( ) million cycles of load. 
Table 8. (Continued) 
f M f Test report Beam se _o _so 
reference fg fg 
number 
15 
It 
II 
II 
II 
( 1  
51 
52 
53 
54 
55 
56 
0.56 0.356 0.573 
t l  
n 
t l  
11 
I I  
I f  
11 
I I  
I I  
I I  
I I  
u 
I I  
I I  
I I  
17 
II 
B 
C 
E 
0.46 
II 
0.282 
II 
0.475 
II 
22 
II 
II 
II 
FI 
F2 
F4 
F5 
0,62 
II 
tl 
0.45 
0.390 
II 
11 
0.290 
0.632 
II 
II 
0.455 
F7 0.45 0.290 0.455 
F8 0.45 0.290 0.455 
 ^Rpred* «ob»" 
(10^  cycles) (10^  cycles) 
0.099 
II 
11 
I I  
I I  
I I  
0.551 
0.667 
0.745 
0.720 
0.649 
0.616 
1.80 
0.23 
0.09 
0.15 
0.35 
0.60 
NF(2.4) 
0.780 
0.190 
0.540 
0.870 
2.270 
0.102 
I I  
M  
0.523 
0.560 
0.550 
0.70 
0.40 
0.45 
1.516 
0.970 
0.954 
0.333 
II 
11 
0.283 II 
II 
II 
II 
II 
II 
II 
II 
0.840 II 
II 
0.497 
0.632 
0.703 
0.497 
0.631 
0.716 
0.500 
0.630 
0.719 
0.05 
0.05 
0.05 
0.275 
0.261 
0.261 
0.225 
0.164 
0.139 
1.947 
1.167 
1.136 
Table 8. (Continued) 
Test report Beam —^  —2 _S£ 
reference  ^ 8^ 
number 
23 Gp 1(16) 0.49 0.360 0.509 
M  Gp 2(14) I I  I I  I I  
M  Gp 3(13) I I  I I  I I  
I I  Gp 4(1) I I  I I  I I  
24 Al-1 0.56 0.368 0.573 
I I  Al-2 I I  I I  I I  
H  A2-1 I I  I I  I I  
I I  A2-2 I I  I I  I I  
I I  A2-3 I I  I I  I I  
I I  Bl-1 0.40 0.282 0.409 
I I  Bl-2 I I  I I  I I  
11 Bl-3 I I  I I  I I  
I I  B2-1 I I  I I  I I  
I I  B2-2 I I  I I  I I  
I I  Cl-1 0.56 0.373 0.573 
I I  Cl-2 I I  I I  I I  
I t  Cl-3 I I  I I  I I  
I I  02-1 I I  I I  I I  
I I  02-2 I I  I I  I I  
I I  Dl-1 0.56 0.397 0.573 
M^edian values for the group of beams. Table 10. 
p^red o^bs 
(10 cycles) (10 cycles) 
0.110 0.500 4.00 5.064^  
I I  0.600 0.40 0.693C 
I I  0.700 0.09 0.121= 
I I  0.800 0.04 0.050 
0.112 0.658 0.26 0.799 
I I  0.667 0.22 0.427 
I I  0.647 0.30 1.700 
I I  0.647 0.30 1.012 
I I  0.628 0.40 NF(2.0) 
0.118 0.463 3.00 NF(2.0) 
I I  0.572 0.20 0.543 
I I  0.519 0.80 NF(2.0) 
I I  0.550 0.40 1.037 
0.151 0.593 0.17 0.651 
0.121 0.608 0.48 0.549 
I I  0.576 0.85 1.002 
I I  0.534 3.50 NF(2.0) 
I I  0.534 3.50 NF(2.0) 
I I  0.556 1.40 1.360 
0.120 0.690 
0.150 I I  
0.180 I I  0.16 1.758 
Table 8. (Continued) 
Test report Beam fge  ^ fso W^n p^red* ** 
reference fi 
number 
obs 
8^ u^ u^ u^ (10^  cycles) (10® cycles) 
24 Dl-2 0.56 0.397 0.573 0.120 0.690 
0.164 I I  
0.230 I I  0.16 1.507 
24 D2-2 0.56 0.397 0.573 0.128 0.658 0.30 NF(2.0) 
I t  D2-3 I I  I I  I I  I I  I I  0.30 NF(2.0) 
43 R2 0.54 0.367 0.560 0.147 0.516 N.F. NF(2.0) 
U  R3 I I  I I  I I  0.172 0.604 0.80 NF(2.2) 
I I  R4 I I  I I  I I  0.503 0.719 0.40 0.851 
I I  Rl-A I I  I I  0.580 0.453 0.675 0.42 0.540 
1 1  R2-A I I  I I  I I  0.162 0.567 0.90 NF(2.0) 
t l  R3-A I I  I I  I I  0.162 0.567 0.90 NF(2.0) 
I I  R4-A I I  I I  I f  0.421 0.675 0.35 0.522 
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Table 9. Results of the graphical analysis for P = 90% 
Beam 
(Ref.) 
Npred* 
(10® cycles) 
«obs' 
(10 cycles) 
Beam 
(Ref.) 
XT a 
p^red 
(10 cycles) 
b 
o^bs 
(10 cycles) 
L2 (11) 0.09 0.460 SI (15) 0.37 NF(2.4) 
L3 " 4.00 NF(l.O) S2 " 0.12 0.780 
L4 " 0.30 NF(2.2) S3 " 0.07 0.190 
Ml " 0.07 0.280 S4 " 0.08 0,540 
M2 " 0.08 0.325 S5 " 0.14 0.870 
M3 " 0.18 0.940 S6 " 0.19 2.270 
M4 " 0.03 0.126 
- (6) 2.00 NF(1.4) B (17) 0.25 1.516 
C " 0.14 0.970 
E " 0.16 0.954 
lA (14) N.F. NF(l.O) 
2A " 0.13 NF(l.O) F1 (22) 0.04 0.225 
3A " 0.10 NF(2.0) F2 " 0.04 0.164 
4A " N.F. NF(9.7) F4 " 0.04 0.139 
5A " N.F. NF(l.l) F5 " 0.06 1.947 
5B " 0.15 0.136 F7 " 0.05 1.167 
6A " 0.15 0.186 F8 " 0.05 1.136 
6B " N.F. NF(l.l) 
P2 " 0.33 NF(2.2) 
P3 " N.F. NF(2.0) 
S5 " N.F. NF(2.0) Gpl (23) 2.00 0.959^  
G5 " 0.16 0.842 Gp2 " 0.18 0.143= 
S6 " 0.20 NF(2.0) Gp3 " 0.07 0.055= 
G6 " 0.20 NF(2.0) Gp4 " 0.03 0.050 
*N.F. = no failure,  ^4,000,000 cycles. 
N^F( ) = no failure observed, test discontinued at ( ) million 
cycles of load. 
V^alue of Ngjjg which was exceeded by 90% of the beams in the 
group. 
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Table 9. (Continued) 
Beam p^red o^bs Beam p^red o^bs 
(Ref.) qq6 cycles) (10^  cycles) (Ref.) (igG cycles) (10^  cycles) 
Al-1 (24) 0.14 0.799 R2 (43) 1.50 NF(2.0) 
Al-2 " 0.12 0.427 R3 " 0.21 NF(2.2) 
A2-1 " 0.15 1.700 R4 " 0.18 0.851 
A2-2 " 0.15 1.012 Rl-A " 0.20 0.540 
A2-3 " 0.17 NF(2.0) R2-A " 0.30 NF(2.0) 
Bl-1 " 0.50 NF(2.0) R3-A " 0.30 NF(2.0) 
Bl-2 " 0.13 0.543 R4-A " 0.19 0.522 
Bl-3 " 0.20 NF(2.0) 
B2-1 " 0.15 1.037 
B2-2 " 0.09 0.651 
Cl-1 " 0.22 0.549 
Cl-2 " 0.35 1.002 
Cl-3 " 0.80 NF(2.0) 
C2-1 " 0.80 NF(2.0) 
C2-2 " 0.40 1.360 
Dl-1 " 0.12 1.758 
Dl-2 " 0.12 1.507 
D2-2 " 0.20 NF(2.0) 
D2-3 " 0.20 NF(2.0) 
overall depth of only 4% in. Wide variations in severity of cracking and 
in observed fatigue life were noted in these references. 
Because a 50% probability is associated with all these predictions, 
it can be stated that none of Venuti's groups of beams were overestimated, 
since 507. of each group (the median value) did last at least j. With 
the scatter that was evident in Venuti's and other tests, the need for 
statistical interpretation of fatigue characteristics is clearly indicated. 
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LEGEND: 
NO FAILURE, TEST 
DISCONTINUED 
C ) NUMBER OF BEAMS 
RANGE OF VALUES 
NOTE: 
P = 5035 
obs 
KEY: 0 OZELL & ARDAMAN (ll) 
• NORDBY & VENUTI (l4) 
+ OZELL & DINIZ (15) 
® EKBERG.& SLUTTER (l?) 
S WARNER & HULSBOS (22) 
A VENUTI (23) 
* A.A.R. ER-36 (24) 
X A.A.R. ER-53 (43) 
FIG, 23. Predicted versus, observed values of median fatigue life for 
reported beam fatigue tests 
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Table 10. Observed fatigue lives, N^ yg, for beams of Reference 23 that 
failed due to strand fatigue 
Group 1 Group 2 Group 3 Group 4 
M = 0.5 Mu M = 0.6 Mu M = 0.7 Mu M = 0.8 Mu 
Beam Ngbs Beam N^ bg Beam Beam Ngts 
no. 10^  nOï 10^  no. 10^  no. 10^  
89 0.674 11 0.110 67 0.045 
36 0.926 32 0.143 98 0.055 
26 0.959 90 0.278 55 0.068 
38 1.267 63 0.295 72 0.095 
41 3.195 93 0.524 86 0.110 
71 NF5.009* 7 0.596 30 0.114 
104 NF5.041 94 0.682 5 0.121 
27 NF5.064 33 0.704 82 0.126 
83 NF5.064 110 0.804 74 0.133 
70 NF5.066 52 0.975 62 0.135 
58 NF5.084 21 3.349 4 0.174 
97 NF5.113 103 3.446 6 0.188 
69 NF5.139 53 3.451 54 0.236 
95 NF5.231 102 NF5.616 
24 NF5.236 
35 NF5.307 
Median 
"obs"' 5-0* 0.693 0.121 
p^red~ 4.00 0.40 0.09 
56 0.050 
0.050 
0.04 
N^F = no failure, test discontinued. 
M^edian value of is the middlemost value of the ranked group, or 
if an even-numbered group the average of the two middlemost values. 
87 
The dashed line at 45 degrees on Figure 23 drawn through the approx­
imate mid-region of Venuti's group median points, and it represents a 
factor of safety of 1.4, or 1.4. If Venuti's beams were rep­
resentative of all prestressed concrete beams, then this line should be 
approximately a median line for the 107 beams analyzed. However, it is 
seen that only 23 of the 107 beams lie on the unsafe side of this line 
(counting no-failure points as probable safe predictions). This is reas­
onable since Venuti's beams were shallow and sensitive to cracking, prob­
ably resulting in shorter fatigue lives than normal. Thus the median 
line lies still further to the right, even to the right of Venuti's group 
median points. 
The third line at 45 degrees is approximately a median line for all 
the plotted points. There are 33 points representing beam failures on the 
unsafe side. The factor of safety associated with this conservative 
median line is 2.0, or ^ obs^ '^ 'pred " 2.0. Thus, speaking on the average, 
or with a 50% probability, the combined diagram procedure results in a 
predicted fatigue life approximately 1/2 of that observed. Stated another 
way, the combined diagram solution has an inherent or built-in safety 
factor of 2.0 when predicting mean fatigue life. It is interesting to note 
that, if the shallow beams of References 14 and 23 are disregarded, another 
median line could be plotted on Figure 23 which would represent a factor 
of safety of 3.0. 
A given safety factor pertaining to the prediction of fatigue life 
does not indicate the same factor of safety in predicting beam fatigue 
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strength. To illustrate this point, consider a beam approximately on the 
S.F. » 2,0 line of Figure 23, say beam S3 of Reference 15, Referring now 
to its combined diagram solution in the Appendix, Figure 34; = 
90,000 whereas N-hs = 190,000. Associated with N . = 90,000 is M = 
pred ' max 
0,745M^ ; and for an N of 190,000, • 0,68 Therefore with respect 
to predicting fatigue strength, the inherent safety factor of the combined 
diagram would be on the order of 0,745/0,68 or 1,1, The difference in 
safety factors is due to the fact that the N-lines are on an essentially 
logarithmic scale whereas the M and fg axes are the usual linear scales. 
Figure 24 is a plot similar to that of Figure 23 comparing 
with Ng^ g but at a 90% assurance level. Venuti's groups of beams are 
designated by a triangle which indicates the fatigue life that 90% of 
the beams in that group survived. The results are even more conservative, 
as would be expected at a high level of assurance. The number of points 
representing beam failures lying on the unsafe side of the zero error 
line has been reduced to 10, all of which were the shallow beams of Ref­
erences 14 and 23, Since this line excludes 10% of the points from the 
region of safe predictions, it can be considered as a "90% probability 
line." Again, non-failure of beams was considered a probable safe pre­
diction, It can be seen that the 90% probability line has ah associated 
safety factor of ^^ pred " 1*0' 
Neglecting the shallow beams, a second 90% probability line can be 
drawn as indicated by the dashed line on Figure 24. This line represents 
a safety factor of 3.0. The shallow beams are probably not representative 
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X A.A.R. ER-53 (43) 
FIG. 24. Predicted versus observed values of fatigue life at a 90)6 
probability level 
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of service members and will be disregarded. Thus when predicting fatigue 
life with the 907. assurance combined diagram, N^ jjg will be 3.0 times 
with a 907. probability of actually obtaining 3.0 N , plTGG* 
Here it is implicitly assumed that the range of stresses in the 
service member which lead to the value of are known also with a 
907. assurance. While this may be true for the minimum stress level, it 
may be exceedingly difficult to predict or estimate maximum stress levels 
at this high degree of assurance. Also there will be variations from com­
puted or even measured values of maximum strand stress levels due to stress-
concentrations at cracks. Therefore a conservative approach, such as the 
simplified moment-stress diagram, is indicated. 
Using the simplified moment-stress diagram and the 50% assurance 
envelope, it was seen that was 3.0 times Nprgj with a 50% probability 
of obtaining 3.0 (disregarding the shallow beams). Similarly with 
the 90% assurance envelope, = 3.0, times Np^ gj with a 90% probability 
of obtaining 3.0 Nprgj. These are then the stated built-in safety factors 
associated with the combined diagram approach along with a stated percent 
assurance. If the shallow beams are included, the safety factors are 
2.0 and 1.0 respectively. 
An indication of the reliability of the combined diagram can be 
obtained from considering Figures 23 and 24. As regards the predictions 
at a 50% probability level, only 15 beams failed before the predicted 
f a t i g u e  l i f e  w a s  r e a c h e d ,  r e p r e s e n t i n g  a  r e l i a b i l i t y  o f 1 0 0  o r  
86%. Similarly the reliability at a 90% probability level is 90.6%. 
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Excluding the shallow beams, reliabilities were 98% and 100%, respec­
tively. 
If the safety factors above are used, and if error is defined as 
Ngbg " S.F. X Npygj, then errors can be calculated for every beam that 
failed. These errors are tabulated in Table 11 for both the 50% and 90% 
assurance envelopes. Average errors are - 17.4% and + 40.8% for the 50% 
and 90% assurance solutions respectively. Errors in prediction of fatigue 
strength would be very small because of the differences in scales, as 
explained earlier. 
E. Mathematical Analysis 
Although there are advantages associated with a graphical solution, 
errors can build up due to faulty construction, human errors in reading 
and interpolating values, especially of A mathematical solution 
would also be more convenient and easier to incorporate into codes and 
specifications. Therefore the family of curves developed in Chapter IV, 
Section B was used, along with equations representing the simplified 
moment-stress diagram, to predict fatigue lives for the beams analyzed 
earlier with the combined diagram. 
The shallow beams of References 14 and 23 vere not used in this 
analysis. Also, since from the earlier analysis at P = 50%, it was 
ascertained that I^ j-ed ~ N^ yg if the shallow beams were disregarded; 
Equations 26 and 27 were appropriately modified. The term, N, was re-
N 
placed by ^  so that should approximately equal on the average, 
where is the modified The limits must also reflect this mod­
ification. 
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Table 11. Summary of errors associated with predicted fatigue life 
Beam Error* Error^  Beam Error* Error^  
(Ref.) (% (% «.t,) (Ref.) (% 
L2 (11) 2.2 41.3 F7 (22) 32.9 86.4 
Ml " -7.1 25.0 F8 " 31.2 86.1 
M2 " -10.8 26.2 
M3 " -27.7 42.6 Al-1 (24) 2.4 47.4 
M4 " 4.8 28.6 Al-2 " -54.6 15.7 
A2-1 " 47.0 73.5 
32 (15) 11.5 53.8 A2-2 " 11.1 55.4 
S3 " -42.2 -10.5 Bl-2 " -10.5 28.1 
S4 " 16.7 55.6 B2-1 " -15.7 56.4 
S5 " -15.5 51.7 B2-2 " 21.6 58.6 
S6 " 20.7 74.8 Cl-1 " -162.0 -20.2 
CI-2 " -154.5 -4.8 
B (17) -38.5 50.6 C2-2 " -203.0 11.7 
C " -23.7 56.8 Dl-1 " 72.7 79.4 
E " -41.1 49.7 Dl-2 " 68.2 75.8 
F1 (22) 46.7 46.6 R4 (43) -41.2 36.5 
F2 " 26.8 26.8 Rl-A " -133.3 -11.1 
F4 " 13.7 13.6 R4-A " -101.8 -9.2 
F5 " 62.5 89.8 
*Error = Nobs - 3.0 NPRED for P = 50%. 
b 
Error = Nobs - 3.0 Npred for P 
S II 
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N 
Thus for the short-life region (40.0004 400.000); 
fgr " (2340 - 16.35fg )N Eq. 30 
min " 
and for the long-life region (400,000 ^   ^4000,000) : 
3 
f - (131.2 - 0.885fg . )N -0.1154 Eq. 31 
sr °min P 
within the limits (404f„ 4 60). All stresses are in percent static 
®min 
ultimate strength (%fg). 
The straight lines of the simplified moment-stress diagram can be 
shown to be represented by 
fs " fse + M (0 4M<M^ ) Eq. 32 
f' - f 
and fg = fg^  + s s^o (M - M ) (Mg^ M^ M^ ) Eq. 33 
where all stress and moment terms are in percent of static ultimate 
strength. Thus the strand stresses associated with M.. and M can be 
° mm max 
evaluated simply by substituting and l^ ^^ into the appropriate 
equations above. The resulting f. and f can then be substituted 
min *max 
into Equations 21 and 30 or 31, and can be evaluated. The results of 
this analysis are shown in Table 12. 
Of the 49 beams analyzed, the fatigues lives of only 7 were over­
estimated, 3 by less than 20%. The average error in the prediction was 
+ 13.27. (on the conservative side), which is much better than the - 17.4% 
average error of the combined diagram analysis at P = 50%. Standard 
deviation of error from the mean was 44.2%. 
A mathematical analysis at other probability levels was not attempted, 
due to lack of data on the standard deviations of fatigue strengths and 
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Table 12. Results of fatigue life analysis with equations 
Beam 
(Ref.) 
®min 
(% f^ ) 
max 
(IfM) 
Np* 
(10^  cycles) 
"obs" 
(10^  cycles) 
Error ® 
*obs) 
L2 (11) 57.8 81.0 0.364 0.460 20.8 
L3 " I I  66.6 N.F. NF(l.O) -
L4 " t l  73.0 1.830 NF(2.2) -
Ml " I I  84.3 0.243 0.280 13.2 
M2 " I I  82.1 0.316 0.325 2.8 
M3 " H  75.7 0.810 0.940 13.8 
m " I I  89.1 0.135 0.126 -7.1 
- (6) 42.0 54.8 N.F. NF(1.4) -
SI (15) 56.4 70.3 N.F. NF(2.4) -
S2 " I I  77.9 0.487 0.780 37.6 
S3 " I I  83.1 0.240 0.190 -26.3 
S4 " I t  81.5 0.306 0.540 43.3 
S5 " I I  76.7 0.582 0.870 33.1 
S6 " t l  74.5 0.838 2.270 63.1 
B (17) 46.4 65.1 1.055 1.516 30.4 
C " 1 1  67.9 0.689 0.970 29.0 
E " I t  67.1 0.768 0.954 19.5 
F1 (22) 62.8 90.4 0.186 0.225 17.3 
F2 " I I  I I  I I  0.164 -13.4 
F4 " I I  I I  t l  0.139 -33.8 
F5 " 45.5 61.2 
t l  71.7 
1 1  77.1 0.793 1.947 59.4 
F7 " I I  61.2 
I I  71.8 
T l  78.1 0.686 1.167 41.2 
F8 " I I  61.5 
1 1  71.7 
I t  78.4 0.686 1.136 39.6 
N^.F. = no failure,  ^4,000,000 cycles. 
N^F ( ) = no failure observed, test discontinued at ( ) million 
cycles of load. 
'^ Error = - Np. 
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Table 12. (Continued) 
a b c 
Beam 
®min ®max Nobs 
Error 
(Réf.) (% fP (% n) (10^  cycles) (10^  cycles) (% Nobs) 
Al-1 (24) 56.4 76.9 0.565 0.799 29.3 
Al-2 I t  I t  77.5 0.505 0.427 -18.2 
A2-1 I t  f t  76.1 0.638 1.700 62.5 
A2-2 I I  I I  76.1 0.638 1.012 37.0 
A2-3 I t  I I  74.9 0.772 NF(2.0) -
Bl-1 11 40.4 55.8 N.F. NF(2.0) -
Bl-2 I I  11 64.7 0.533 0.543 1.8 
Bl-3 I I  I I  60.4 0.795 NF(2.0) -
B2-1 I t  I t  63.0 0.700 1.037 32.5 
B2-2 I I  I t  66.5 0.454 0.651 30.2 
Cl-1 I t  56.4 73.3 1.020 0.549 -85.8 
Cl-2 I t  I t  71.1 2.580 1.002 -157.5 
Cl-3 I t  I t  68.3 N.F. NF(2.0) -
C2-1 11 I I  68.3 N.F. NF(2.0) -
C2-2 I t  I I  69.8 N.F. 1.360 -
Dl-1 t t  I t  76.0 0.652 NF(0.7) -
56.7 I t  0.666 1.058 37.0 
Dl-2 I I  56.4 I I  0.652 NF(0.6) -
57.0 11 0.692 0.907 23.7 
D2-2 I t  56.4 75.7 0.700 NF(2.0) -
D2-3 11 I t  75.7 0.700 NF(2.0) -
R2 (43) 54.8 66.4 N.F. NF(2.0) -
R3 I I  54.9 72.5 0.974 NF(2.2) -
R4 11 64.0 80.4 0.798 0.851 6.2 
Rl-A I I  61.7 78.4 0.440 0.540 18.5 
R2-A I I  54.9 71.3 1.140 NF(2.0) -
R3-A I I  54.9 71.3 1.140 NF(2.0) -
R4-A 11 55.7 78.4 0.333 0.522 36.2 
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lives. Equation 20 could be utilized In the long-life region (with s 
assumed constant at 9.12 ksl) to obtain a value of for a certain P, 
The resulting stress range, would then be used In Equation 31 to 
obtain a value for at the stated probability level, P. 
For example, at P = 907.; - S^ - 1.28 s. Then fg^  - -
®inln ' ®max " ®mln ' l*28s, and this value of fg^  can then be used In 
Equation 31. No meaningful examples of analysis at this probability 
level can be made because of lack of data. 
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VI, DESIGN PROCEDDRE FOR REPEATED LOADING 
The establishment of a suitable load factor for repeated loading is 
a necessary prerequisite for design. A load factor will be suggested 
based on a study of traffic trends and reported frequency distributions 
of stresses on bridge beams. Bridge response to load will be inves­
tigated to correlate the random stresses in a service member to the sin­
usoidal stresses of constant intensity which are the bases of the S-N 
curves and failure envelopes developed earlier. The final design pro­
cedure will then be outlined. 
A. Load Factor for Repeated Loading 
The purpose for a load factor in a fatigue situation is to safeguard 
against failure due to repeated overloads of various frequencies and 
magnitudes. Other considerations, such as variations in properties of 
materials, deterioration and stress concentrations, are assumed to be com­
pensated for in part by the conservative nature of the simplified moment-
stress relationship. Therefore the major consideration with respect to 
choosing a load factor is the frequency and magnitude of repeated over­
loads. 
Although permissible highway loads are governed by state laws, our 
highway bridges are frequently overloaded. For an overload of 20% (a 
load 20% in excess of legal load), the number of such overloads per 1000 
were 21 and 16 in 1950 and 1951 respectively. For a 50% overload; 3 and 
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1 (44). While this data Is dated. It still serves to Indicate the order 
of magnitude Involved. It appears that few trucks will exceed the legal 
load by more than 50%. 
Prestressed concrete bridges have withstood overloading# under past 
and present specifications of state legal load limits, with no fatigue 
failures reported. However there has been a trend for both state legal 
load limits and actual truck weights to Increase over recent years. For 
example, AASHO-recommended vehicle weight limits were Increased In 1964 
to 10-ton single axle and 16-ton dual axle loads, and legal limits In 18 
states exceed the single axle limit with 29 exceeding the suggested dual 
axle limit (45). Back in 1953, most states met AÀSHO suggested limits 
of 9-ton single and 16-ton dual axle limits (6). 
Total traffic volume has steadily increased since World War II, 
with an average Increase per year of about 3% forecasted (46). In 1944, 
traffic volume was about 200 billion vehicle-miles ; whereas in 1959 it 
was about 700 billion vehicle-miles, with state forecasts bringing it to 
the 1000 billion mark by 1970 (47). Truck volume runs about 15 to 20% 
of the total volume, but with an average yearly increase of only about 
0.2 to 0.5%; and this increase showing a trend to drop off in recent years 
(46). So with respect to repeated loading, the problem appears to be the 
trend towards increasingly heavier overloads on our existing bridges. 
H. K. Stephenson (48) presented a 1942 survey on the frequency 
distribution of highway bridge live loads in 1957. Figure 25 is repro­
duced from his paper and shows the frequency of stress repetitions 
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STEEL STRINGER CONCRETE DECK BRIDŒ OF H15-44 DESIGN 
16 
With no 
allowance 
for impact 
With full 
allowance 
for impact 
1 2  - -
8  - •  
0.6 0.7 0.8 0.9 1.0 1,1 
RATIO OF ACTUAL STRESS TO DESIŒ STRESS 
NOTE: Stress effects are based on continuous traffic volume of 
12,000 vehicles per day for 50 years of usuable bridge 
life with yf) of the traffic consisting of heavy vehicles 
randomly distributed 
FIG. 25. Frequency distribution of stress effects in a 50 ft. simple 
span bridge 
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produced in a short bridge during a 50-year life for various ratios of 
actual stress to design stress, with and without allowance for impact. 
A high percentage of overloads was assumed, 57. heavy (greater than 13-
ton gross) vehicles in a traffic volume of 12,000 per day. The use of 
a short (50-ft) span and a very light bridge, for which the stress 
effects of overloads are greatest, indicates a conservative approach. 
Allowance for impact was calculated from the equation (7): 
50 
I =L+125 Eq. 34 
where I is the impact factor and L is the length of span in feet. 
Even though a relatively severe example has been assumed (light 
bridge, short span, and high percentage of overloads), Figure 25 indi­
cates that the number of stress repetitions becomes negligible at a 
stress magnitude greater than 1.2 times the design stress. The trend 
towards heavier truck weights discussed earlier may cause the distribution 
curve of Figure 25 to translate to the right. Therefore a conservative 
but lower-bound estimate of a load factor for repeated loading would be 
about 1.2. 
With respect to railway bridges, bridge engineers (49) have 
suggested a slightly higher value for a load factor, 1.33. This load 
factor compensates for several considerations which the 1.2 load factor 
did not. These considerations include: The trend towards higher loads; 
flat spots on railroad car wheels and variations in materials and con­
struction. Therefore a higher load factor could be reasonably expected. 
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If the 907, failure envelope of Figure 17 is used, then a load factor 
of 1,25 for repeated loads including impact would seem to be satisfactory 
for bridges in general. For example, suppose a number of repetitions of 
a design live load on a bridge were anticipated. If this live load caused 
a moment in the bridge members under consideration, the total moment 
that must be designed for in fatigue, using the suggested load factor is 
Hj, - kjj Mp + 1.25 \ (I+l) Eq. 35 
where I is given by Equation 34, and kp is the load factor for the dead 
load. Variation in dead load should be less than variation in live load, 
therefore kg could vary from 1.0 to less than 1.25, depending on the 
situation. If the 90% failure envelope is not used, then the load 
factor would have to be increased as the percent assurance decreases. 
B. Bridge Response to Live Loads 
In an extensive study of dynamic effects of live loads on bridges 
in the AASHO Road Test, it was reported (21, p. 148) that the largest 
observed amplification factors for moment in the two pretensioned bridges 
were 1.27 and 1.28. These bridges were light, one-land, 50-ft. simple 
span prestressed concrete bridges. As such, they are probably more 
severe cases than are normally found in our highway system. The test 
vehicles ranged in total weight from 50,000 to 89,000 lbs. and traveled 
at speeds from 25 to 45 mph. Various conditions, such as blocked springs, 
induced vibrations, and others, were incorporated into the testing pro­
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gram to insure an extensive, if severe, test system. 
On the basis of the AASHO Road Test studies, the impact factor as 
determined from Equation 34 appears to be adequate with respect to dy­
namic response of prestressed concrete bridges to live loeds. For L«50 
ft., the calculated impact factor is T » 0.286, or an amplification factor 
of 1.286. This is greater than the two factors reported above. 
There is also the consideration that the passage of one vehicle 
could cause more than one stress cycle at various intensities. Figure 
26 is reproduced from a study by Linger and Hulsbos (50) on dynamics of 
highway bridges, and shows the variation of bottom fiber strain with the 
relative position of a vehicle on the span. The strain gages were on 
the bottom of the center beam at midsp*n on a simple span prestressed 
concrete bridge. A trace of static strain variation is superimposed on 
the figure with dashed lines. 
Trying to account for each small cycle of the solid curve would 
become a complex and tedious task, instead, the static strain curve 
could be used assuming that the fluctuations above and below the static 
curve tend to cancel each other out. The fact that the maximum dynamic 
strain is greater than the maximum static strain has already been taken 
cere of with the impact factor. If the bridge is cracked, the fluxuations 
tend to become larger, and a point could be reached when they could no 
longer be considered minor. This case, which would probably be associated 
with severe conditions, is beyond the scope of this paper. 
A brief summary of what factors have accounted for which considerations 
may be in order. The impact factor, I, accounts for the increase in live-
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load moment or stress due to the dynamic effects of bridge traffic. The 
load factor 1.25 accounts for the variations in truck loads over the 
design live loed on the bridge for a number of repetitions of load. The 
90% probability envelope accounts for variation in the fatigue strength 
of the steel prestressing tendon, which is assumed to be the critical 
property of the beam in fatigue. 
One last effect must be considered, and that is the effect of rel­
atively few repetitions of a high overload, higher than accounted for by 
the load factor, Certainly these overloads will have some detrimental 
effect on the beam, and will cause a decrease in the effective magnitude 
or frequency of the design load or in the effective load factor, unless 
the design is adjusted. A frequency histogram could be constructed as 
in Figure 27 based on traffic experience in the area with consideration 
to trends in traffic volume and axle weights. Only loads equal to or 
greater than design load need be considered, if the beam is designed to 
carry a large number of design loads during its usable life, A h«lf in­
terval width of 0.2 design load would be adequate in view of the load 
factor of 1.25, 
The histogram shows the number of times loads of a certain range in 
magnitude will be carried by the bridge during its life. For example, 
live loads of magnitudes causing moments +0.2 will occur n^  times, 
and moments M2 + 0.2 , n2 times. Higher loads occur a neglibible number 
of times. Using Eauation 35 to arrive at maximum cycle moments and 
Equation 33 to arrive at maximum stress levels, the appropriate fatigue 
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FIG. 27. Frequency histogram of bridge loads 
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lives, and N2, could be obtained from the 90% failure envelope. Note 
that this approach earlier resulted in =3.0 at ? = 90%, Thus 
N would be three times the N value read from Figure 17. Then the cum­
ulative damage rule could be applied. 
n n 
Tf Equation 29 is not satisfied, the beam design must be adjusted so 
as to do so. 
C. T)esign Procedure 
A preliminary design of the beam for static loads is assumed to have 
been completed. This is an established procedure, and is very clearly 
covered in Chapter 6 of Reference 1. This is a normal first step in 
design of a beam for flexure. If repeated loading appears to be a major 
consideration in the design of this beam, then the following procedure 
is suggested for a final design: 
1. Calculate the parameters of Equations 32 and 33. Most of these terms 
are known from the preliminary design, or can be calculated from 
conventional elastic analysis. For example, terms known would be; 
fgg, e, Ig and fg . Equations for and calculation of other terms 
such as n, f„ , M and M are illustrated in the Appendix, 
so ou
2. Establish the minimum and maximum steel stress levels by substituting 
M . and M into Equations 32 and 33 respectively. Frequency and 
mm max 
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magnitude of would be specified and would be known from the 
preliminary design. Then = k^ M^ , and of Equation 35. 
Allowance for impact would be made for a bridge beam design. There 
may be more than one M and therefore more than one M , depending 
L max 
upon the specified traffic loads. 
Enter Figure 17 with the minimum steel stress level, fg ^  (^ min^  » 
draw a vertical line to the specified value of N, one-third the number 
of times must be carried during the usable life of the beam. (One-
third because of the safety factor of 3.0 evaluated earlier.) This 
intersection is f (or S ) permitted, and must be equal to or 
®max 
greater than that calculated in Step 2. If not, adjust the design 
and repeat Steps 1 through 3. When the stress range is satisfactory, 
proceed to Step 4. 
Now check the beam as designed in Step 3 for adequate static ultimate 
strength and for allowable deflections and stresses at various stages 
of loading. Adjust the design and repeat Steps 1 through 4 if 
necessary. 
Tf more than one is involved, the cumulative damage rule must be 
used as suggested in the previous section in conjunction with Figure 
27. Steps 1 and 2 are completed as before. Then the 90% failure 
envelope is entered with S^ ^^  and the S^ ^^  * s, and appropriate 
values of fatigue life, N^ , Ng « • • ^ re obtained. Then Equation 
29 must be satisfied, after which Step 4 may be completed. 
If fatigue failure is not a primary concern in the beam design, 
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the final static design may be completed first. The resulting be»m may 
then be analyzed for fatigue resistance as indicated in Chapter V and 
as illustrated in the Appendix, 
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VII. SUMMARY AND CONCLUSIONS 
A. Summary 
A statistically-designed investigation of the fatigue characteristics 
of ASTM-grade prestressing strand at working stress levels was conducted. 
Strand specimens were bonded in special grips to approximate beam action 
and to make stress-concentrations negligible. The probit test was used 
for this investigation in order to estimate the median fatigue strength 
of the strand and its standard deviation at = 50% Sy and N^  = 
2,000,000 cycles. An indication of the difference between this fatigue 
strength and the true fatigue limit was obtained by permitting one group 
to endure 4,000,000 cycles. A linear regression analysis of the experi­
mental data yielded values for the fatigue properties desired, and com­
pleted the experimental portion of the thesis. 
From the data obtained above and from other strand fatigue data, 
fatigue failure envelopes were constructed for various numbers of cycles 
to failure, with stated probabilities of 50% and 90% associated with each 
envelope. These envelopes were combined with a simplified moment-stress 
diagram to form a generalized and improved version of the combined 
diagram solution, reported earlier by Ekberg et^  a^ . (12). Miner's rule 
for cumulative damage was incorporated into the solution, and a procedure 
for analysis was suggested. Using this procedure, 107 beam fatigue tests 
conducted by various investigators were analyzed at 50% and 90% probability 
levels. 
Equations for a family of S-N curves at various minimum stress levels 
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and for simplified moment-stress relationships were developed. Using 
essentially the same procedure for analysis as with the graphical solu­
tion, the purely mathematical analysis of the beams was conducted. Pre­
dicted versus observed lives were compared in all cases, and the results 
of the analyses discussed. 
A load factor for repeated loading was suggested based on a study 
of reported traffic trends, overloads and bridge response. Finally a 
procedure for design of prestressed concrete flexural members under 
repeated loading was outlined in detail. 
B. Conclusions 
1. Experimental investigation 
With respect to the experimental portion of the thesis the following 
conclusions appear justified; 
1. Strand fatigue characteristics must be expressed statistically 
because of the inherent scatter of fatigue test results. 
2. The probit test is a satisfactory approach to quantitatively 
estimate the fatigue strength of strand and the standard deviation of 
this sample statistic. This is especially so at the long-life working 
stress level where the variation in fatigue life for a given stress range 
is very large. 
3. The median fatigue strength of 7/16 in. ASTM-grade 7-wire 
prestressing strand at 2,000,000 cycles of load and a 50% static ultimate 
minimum stress level is 172.0 ksi. The standard deviation of this median 
value is 9.12 ksi. For the same conditions, the fatigue strength at 
90% assurance of survival is 160.3 ksi. 
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4. Using 2,000,000 cycles of load as the preassigned cycle life in 
the probit test definitely places the test in the long-life region of the 
S-N curve. 
5. The distribution of the fatigue strengths about the median in the 
long-life region of the S-N curve is approximately a normal distribution. 
A chi-square goodness of fit test indicated a close correlation of the test 
data with the normal distribution. 
2. Analytical development 
The generalized combined diagram was used in a graphical analysis of 
107 beam fatigue tests. The results of that analysis indicate the follow­
ing conclusions: 
1. Analysis with the combined diagram gave consistently reasonable 
results on beams whose properties, reinforcement, prpstress and size 
varied over wide ranges. The general applicability of the combined diagram 
is thereby indicated. 
2. Analysis with the combined diagram on a 50% probability basis 
indicated that it had an inherent safety factor of at least 2.0 when 
predicting fatigue life, or N^ yg =2.0 Excluding two reports (14, 
23) on shallow beams, the safety factor was 3.0. 
3. On a 90% probability basis, the built-in safety factor of the 
graphical solution was also 3.0, or Ngbs ~ 3.0 Np^ g^ , with a 90% assur­
ance of actually obtaining a fatigue life 3.0 times Np^ gj. This is with 
the shallow beams excluded, otherwise = Np^ g^  at P = 90%. 
4. The combined diagram was shown to be a very reliable approach. 
At a 50% probability, 86% of the beams analyzed either lasted as long as 
I l l  
predicted or never failed in fatigue. At 90% assurance, its reliability 
was 90.6%. Excluding two reports (14, 23) on shallow beams, reliabilities 
were 98% and 100% respectively. 
5. If the built-in safety factors evaluated above exclusive of the 
shallow beams are used, and error is defined as Nobg"S.F.*Nppgj, then the 
average errors associated with the combined diagram solutions are -17.4% 
and 440.8% at the 50% probability and 90% probability levels respectively, 
non-failures not included. 
6. Miner's rule of cumulative damage was incorporated into the 
combined diagram approach, and predicted lives of cumulative damage tests 
were within the limits of variability of the constant cycle test, 
although consistently conservative. 
The graphical solution was replaced by a set of equations which 
were then used to repeat the analysis of 49 of the beams. (Beams of 
References 14 and 23 were excluded.) The results of this analysis 
indicate : 
1. Equations 30 and 31 can be used to predict probable fatigue 
characteristics of pretensioned prestressed concrete beams as governed 
by the steel strand. These equations relate the three major variables 
in fatigue: stress level (in this case, the minimum), stress range, and 
fatigue life. The stresses must be evaluated from Equations 32 and 33. 
The probability level of the analysis and the maximum stress level are 
related by Equation 20 over the long-life region of an S-N curve 
(N > 1,000,000 cycles), where s = 9.12 ksi is assumed constant in this 
life region and regardless of the minimum stress level. 
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2. Analysis with the above equations gave values of predicted 
fatigue life comparable to those of the graphical solution. This set of 
equations then is just as generally applicable as was the combined dia­
gram, more accurate, and much easier to work with than the graphical solu­
tion. Less human error on the part of the engineer is involved, especial­
ly in interpolation between N-values on the failure envelopes. 
Defining error as Np^ jg-Np, the average error associated with the 
predictions of fatigue was +13.2%. Of the 49 beams analyzed, 86% had 
fatigue lives equal to or longer than predicted. 
C. Recommendations for Future Research 
Considering the tremendous growth of prestressed concrete as a 
construction material, and the popularity of prestressing strand as its 
tensile reinforcement, much more information is needed on the fatigue 
properties of this high strength tendon. Investigations have been made 
in the short-life and now the long-life region of the S-N curve on this 
strand, but at a limited number of minimum stress levels. Fatigue tests 
should be run at several lower minimum stress levels to permit drawing 
more complete failure envelopes at various cycle lives. This would permit 
analysis of partially-prestressed members under repeated loading, in 
addition to fully-prestressed beams. 
Also the three basic S-N curves discussed in this paper need to be 
extended through appropriate fatigue testing programs. The true fatigue 
limit needs to be explored at least at one stress range, in order to deter­
mine at approximately vhat cycle life the S-N curve does reach a horizon­
tal asymptote. The change in standard deviation of fatigue strength (if 
113 
any) with variation in minimum stress levels must be determined. 
Lastly, the flexural fatigue characteristics of high strength con­
crete must be fully explored to permit a similar analysis of fatigue 
characteristics of prestressed concrete beams as governed by the concrete. 
V 
4 
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X. APPENDIX 
A, Analysis of Reported Prestressed Concrete 
Beam Fatigue Tests with the Combined Diagram 
1. Example of an analysis using beams of Reference 11 
The beam cross section, loading scheme and other pertinent informa­
tion was given in the report and is reproduced below. 
= 249 ksi 
6" ^ 
i 
l" 
-y 1 - #5 BAR 
E_ 
f 
c 
2 - J- STRAMD 
« 16 
si 
se 
su 
min 
= 27x10 ksi 
= 5500 psi 
= 173 ksi 
= 142 ksi 
= 215 ksi 
= 18.9 K/strand 
= 15.5 K/strand 
= 0 
19'- o"-
Pj = 1.390 
dsn 
K 
K 
M 
= 4.620 
0.9 Agf^ d = 293 k-in. 
Fig. 28. Details of beams 
tested by Ozell and 
Ardaman 
First the three points for the simplified moment-stress diagram are 
calculated. 
A 
p = _1 = 0.2178 = 0.00605 
bd 6x6 
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q = p ^  = 0.00605 = 0.236 
For this value of q, the beams are definitely underreinforced, and 
only the M-fg diagram for the tensile steel is needed. 
First point:  ^= 0 s^e « 142 « 0.57 
Mu - f 249 
s 
Second point : = Mg + *dsn ^  
4 
"d - i "g "G •• M 
Mp - I (48.3)(19)^ (12)10"^  » 26.2 k-in. 
Mo - 26,2 + 1*390(19)(12) ^   ^k-in. 
_ 105.4 = 0.360 
My 293 
f = f +iLiÎ2_® 
so se 
= •— bh^  » ^ (6) (8)^  = 256 in.^  
33 JIJ = (145)^ *^  33 JSSOO = 
4.46x10* psi 
N = — = 27x10^  = 6.06 
Ec 4.46x103 
f = 142 + 6.06(106.3)2 . 147,1 ksi 
®o 256 
-22 = 16L1 = 0.592 
f 249 
s 
M» ft 
Third point: — = 1.0 -f- = 1.0 
Mu f^  
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Often would have to be calculated as the total bending moment 
(Mjj + that would cause zero bottom fiber stress in the beam. An 
example of this calculation follows: 
The effective prestress force, F, causes a precompres-sion in the 
b 
bottom fibers, f . 
F 
fb = .F_ .flfb 
F Ac I, 
fb _ ILO . 31.0(2)4 
F 6x8 256 
b 
fp = - 1.617 ksi 
The bending moment $1^ ) which causes a +1.617 ksi in the bottom fiber, 
thereby cancelling the prestress, is; 
256 
= (+1.617) — 
M =103.8 k-in. 
o 
This value compares within 1%% of the value calculated above using 
the given of 1.390 . 
If the ultimate load or moment was not given in the article, the 
following formulas were used: 
P fgu 
«u = As «su d (1-0.59 —) 
c^ 
pfs 
where f^  ^= f* (1-0.5 -^ T) 
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\ 
In this article the seven beams were tested in fatigue form zero 
load to various maximum loads. Since minimum load was zero, 
M ^  = Mn = 26.2 k-in. 
min " — 
= 26.2 3 0.09 
 ^ 293 
For the various maximum loads, P : 
max 
P L 
M = Mn + -SâS-_ 
max T 4 
Plotting and the various on the simplified M-f^  diagram 
indicates the associated minimum and maximum steel stress levels, and 
these stress levels in turn determine as explained in Chapter V, 
Section B. See Figure 29. The results of this analysis are listed in the 
first part of Table 8. 
Except for beam L-3, these beams were all subjected to repeated 
loading of a constant intensity. Beam L-3 was fatigued for one million 
cycles at each of three maximum live loads of 1.36^ , 1.60* and 2.00 . 
Since the lower two loadings were less than the load causing zero bottom 
fiber stress, P^ sn' their effect if any is beneficial and need not be 
K 
considered. The beam was analyzed for the 2.00 live load only. 
In other reports, beams were loaded at various intensities, above 
and below design load. In these cases, the cumulative damage rule as 
explained in Chapter V, Section A was applied. Understressing was always 
considered beneficial and its effect ignored. 
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2. Analysis of other reported beam fatigue tests 
Using the same procedure as explained above, 100 other beams were 
analyzed with the combined diagram. See Figures 30 to 44. Descriptions 
of the tests, beam cross sections, and material properties are listed in 
Table 7. Note the wide variation in beam size, percent steel, level of 
prestress and ultimate moment. The results of the analysis and some 
of the key calculations are shown in Table 8. The last two columns in 
this table are of particular interest in comparing predicted versus 
observed fatigue lives. Figure 23 is a graphical comparison of the 
same parameters. The analysis was repeated at a 90% assurance level, 
and Nprgj versus Ng^g is shown in Figure 24. 
1.0 
STEEL STRAND STEEL FAILURE ENVELOPE 
"N" in 10^  cycles ^  
0» 
— 0.6 - -
0.4 
0.6 0.4 0.8 1.0 0.2 
M/M 
\ 
0.605 i 
q = 0.236 
FIQ. 29. Combined diagram solution for beams tested by Ozell and Ardaman (ll) 
1.0 
STEEL STRAND STEEL FAILURE ENVELOPE 
•N" in 10^  cycles . 
0» 
0.4 
—o 
•rj 
0.6 1.0 0.8 0.4 0.2 
P = 0.333 
q = 0.156 
FIG. 30. Combined diagram solution for beam tested by Khudsen and Eney (6) 
1.0 
STEEL STRAND STEEL FAILURE ENVELOPE 
"N" in 10^  cycles ^  
2A 
0' 
lA 
0.6: 
0.4 
•H 
0.6 0.4 1.0 0.8 0.2 
p = 0.865 ^  
q = 0.357 
FIG. Jl, Combined diagram solution for T^/pe A beams tested by Nordby and Venuti (l4) 
1.0 
STEEL FAILURE ENVELOPE 
"N" in 10^  cycles , 
STEEL STRAND 
-- 0.8 - ' 6^ . -65 
0« 
: 0.6-
0,4 
•H 
•H 
0.4 0.6 1.0 0.8 0.2 
M/M, 
0.848 
0.378 
FIG. 32. Combined diagram solution for Type B beams tested by Nordby and Venuti (l4) 
1.0, 
STEEL STRAND ST-EEL FAILURE ENVELOPE 
"N" in 10^  cycles , 
0.8 
0» 
0.6 
0.4 -
00 0.2 
0.6 0.4 0.8 1.0 0.2 
P = 0.760 ^  
q = 0.376 
FIG. 33» Combined diagram solution for Type C beams tested by Nordby and Venuti (l4) 
1.0 
STEEL STRAND STEEL FAILURE ENVELOPE 
"N" in 10^ cycles , 
52 
O* 
- 0,6 
0.4 -
0.6 1.0 0.8 0,2 
P = 0.396 i 
q - 0.142 
FIG. 34. Combined diagram solution for beams tested by Ozell and Diniz (15) 
STEEL FAILURE ENVELOPE 
"N" in 10^  cycles , 
STEEL STRAND 
O* 
- C e  — .  
0.6 
' 8- = 
0.4 -
0.4 0.6 0.8 1.0 0.2 
P = 0.532 $ 
q = 0.161 
FIG. 35• Combined diagram solution for beams tested by Ekberg and Slutter (l?) 
1.0 
STEEL STRAl® STEEL FAILURE ENVELOPE 
"N" in 10^  cycles ^  
• 0.8 
O* 
0.6 ' 
0.4 -
0.2 
•r' 
1.0 0.6 0.8 0.4 0.2 
p = 0.670 ^  
q = 0.209 
FIG. 36. Combined diagram solution for Lot I beams tested by Warner and Hulsbos (22) 
STEEL FAILURE ENVELOPE 
"N" in 10' 
O* o, o 
0.4 -
P = 50^  
STEEL STRAND 
- -F7~»--F8 -
•1± 
%L_F5._F2,_F8_ 
« ^ 
Cumulative damage tests 0.2 0.4 
n^ = 0.018 L.C. N^ = 1.50 
Mg: n = 0.009 L.C. = 0.15 
M~; ru = 0.003 L.C. No = 0.08 for beam.F5 
^ ^ =0.07 for beams F7, F8 
p = 0.654 Jo 
q = 0.220 
M/M 
0.6 0.8 
u 
I 
-SJ 
U 
1.0 
NCI'S: One load cycle (L.C.) consisted 
of 0.030x10° cycles of loads 
divided as indicated at left. 
FIG. 37* Combined diagram solution for Lot II beams tested by Warner and Hulsbos (22) 
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STEEL STRAND STEEL FAILURE ENVELOPE 
"N" in 10^  cycles , 
- 0.6 --
0.4 -
•ri 
0.6 0.8 1.0 0.2 
p = 0.806'^ 
q = 0.270 
FIG. 38. Combined diagram solution for beams tested by Venuti (23) 
STEEL FAILURE ENVELOPE 
"K" in 10^  cycles , 
STEEL STRAND 
0.4 0.6 0.8 1.0 0 0.2 
m/M 
p = 0.745 i> 
q = 0.192 
FIG. 39. Combined diagram solution for Type A beams tested by A.A.R. (24) 
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1.0 
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STEEL STRAND 
—  0 , 8  - -
0.6 
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0.4 0.6 0.8 1.0 0.2 
M/M 
q = 0.247 
FIG. 40. Combined diagram solution for B beams tested by A.A.R. (24) 
1.0 
STEEL STRAND STEEL FAILURE ENVELOPE 
"N" in 10^  cycles -
—  0 . 8  - -
0.6 
— 0.4 
o 
0.2 — 
1.0 0.6 0.8 0.2 
M/M 
p = 0.732 $ 
q = 0.192 
FIG. 41. Combined diagram solution for Type C beams tested by A.A.R. (24) 
STEEL STRAND STEEL FAILURE ENVELOPE 
"N" in 10^  cycles , 
~ 0.8 ' ' -Pl-l-.—1>1*2— 
1 D2=2^ JQa.-=3— 
— 0.4 -
•H 
- 0.2 
N 
0.6 0.4 1.0 0.8 0.2 
M/M 
p = 0.769 % 
FIG. 42. Combined diagram solution for Type D beams tested by A.A.R. (24) 
1.0 
STEEL STRAND STEEL FAILURE ENVELOPE 
"N" in 10^ cycles , 
RZ 
- 0,6 - -
0.4 
•f. 
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p = 0.195 ^  
q = 0.075 
FIG. 43. Combined diagram solution for l^pe A beams tested by A.A.R. (43) 
1.0 
STEEL STRAND STEEL FAILURE ENVELOPE 
"N" in 10^  cycles , 
s/f, 
— 0,4 -
•H 
0? 
CO 
0.2 •H - • 
•H 
0.6 1.0 0.4 0.8 0,2 
M/M 
0.248 ^  
0.086 
FIG. 44. Combined diagram solution for Tj^pe B beams tested by A.A.R. (43) 
